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Abstract

This paperexamines the conept of swarminess, or the
level of appopriateressof a swarm for a giventask. We
begin by defining the conept of a task and developing
deperlencemapsincluding uni- andbidirecticnal depen
dencesWe thendefinea vectorswarminessneasureWe
examire two broad classeof tasksknown as stigmenic
andcomnmandtasks.We shaw thatthe swarminesof stig-
meigic tasksis infinite, while thatof commandtasksis fi-
nite. We usethisto examine theswarm-kasedcorstruction
taskanddeternine that this task,depenling on available
techndogy, maynotbeswarmy,
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1 Intr oduction

Over the pastfew years,swarm engineering8] hasenjoyed a
growing interestasafield of inquiry. Swarms,or bidirectionally
commuricatinggroupsof individuals,have anumker of interest-
ing characteristicsthe mostintriguing beingthat someswarms
seemto have the ability to accomplishasa group much more
thanan individual agentof the swarm could accomgish work-
ing alone,evenwith aninfinite amountof time. This capalility
is closelytied in to anothermpropertyof swarmsknown asemer
gence In laymans terms,emegencemeanghatthe swarmhas
unexpectedcharacteristicsjotdeliberatelypartof thedirectpro-
grammingof its constituenparts.Togetheythesetwo properties
form the coreof theintenseinterestin swarms.

Recenwork[5, 6] hasdemorstratedhatemegentswarms
canbe designedso thatthe emegentpropertiesare naturaland
predictableresultsof the interactions.Having this kind of pre-
dictibility anddesigncapalility beginsto solve oneof the most
importantquestiorsin swarmengineering thatof how to design
adesiredswarmoncethegoalhasbeenclearly stated. However,
it doesnot solve anotherimportantquestionwhich haslargely
beenignoredby the swarm commurity.

When facedwith a difficult problemto solve, engineers
typically chossefrom mary differentpotentialsolutionsto prob-
lems.Onesolutionmight beto usea complex device thatcanbe
producel in somefactory The costmight be high or reliability
somavhat low, promptingus to searchfor alternatves. On the
other hand, the machinemight be useful only for this project,
which malkesits reusibility limited. Thesearchmightbring usto
swarms,which areflexible, reconfigurablerobust,andtypically
madeup of cheapparts.But, is thisreally thebesttechnology for
thejob? Whatpartof the problemlendsitself to useby swarms?
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Tacit assumption that searchis well apprachedwith a
swarmabound Many researcherbave worked on swarmbased
construction1, 9, 10]. Similarly, plumetrackinghasbeenstud-
ied with swarms[4], thoughto date theauthorsarenot awareof
ary work justifying thisapproach Anotherwell-studiedproblem
hasbeenthe variousant colory optimizationalgorithms[2, 3]
yet little literatureexists which indicatesa specificreasonwhy
swarmsareappropiate for thesekinds of problems.As aresult,
all of theseapproabesto swarmengineeing have dependedon
anassumptiorthatthis wasthe properapproachHowever, these
approackshave notyetbeenimplementecn mary of thecom-
mercial systemsthat have dealtwith theseproblems. It is not
clearthatthe benefitsof the useof swarmsjustify their useover
otherexisting techndogies.

The presentwork concens itself with the motivation for
usinga swarm. We begin by makingrigorousdefinitionsabout
tasks, task maps, and the types of interconnetions that exist
betweenthem. We usetheseconeptsto definea measureof
swarminess This is a measureof how much a swarm is re-
quiredandhow muchof the problemis this swarmy We exam-
ine differenttypesof tasksincludingtwo broadclasseknown as
commandasksandstigmegic tasks Stigmepic tasksarethose
in which the taskinvolveschandng an environmentalvariable,
whichin turnaffectsthewayin whichthetaskcontinwesto beac-
complished Commandasksaretaskswhich arenot stigmegic.
We usethesedefinitionsto shaowv that flocks and herdsaccom-
plish tasksthat are commandwhile antsand beesaccomplish
stigmenpic tasks. All of thesetypesof swarmshave maximal
(which for stigmenqic tasksis infinite) swarminessdespitetheir
obviousdifferences.

2 BasicDefinitions

When consideringusing a swarm to completea task, we must
first establisithatthe taskrequiresa swarm. We mustthenesti-
matethe sizeof theswarmthatthetaskcanutilize withoutinter-
ferencebetweenthe variouselementsf the swarm or wastein
the form of idle agentswaiting for othertasksto be completed.
We startby consideringthe natureof a task specificationfrom
thepoint of view of theagentsvho aregoingto accomplishi.

Our starting point is that, given a specifictechndogical
level, the agentswill have a well-definedset of capabilities.
Thesecapabilitiesdefinethe minimal taskan agentmight be ex-
pectedto accompish. We assumehatthisis well defined.That
is, if ataskis givenalongwith anavailabletechnologichspeci-
fication,thetaskcanbebrokeninto piecesgeachof which canbe
accomplishd in onestep.
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Figure 1. This figure illustratesindepenlentand depen
dentatomic subtasks. The independen taskis the left-
mosttask,while the othersaredependent.

2.1 Problems

Swarmsthat emplgy onetechnolay will have one setof tasks
while thosethat employ other technologieswill have others.
Moreover, thesetechnologes mustbe ableto be put on an au-
tonomots platformin orderto beconsiceredaspartof aswarm’s
design.

Tasksthatcanbe accomplishd in this way areimportant
to the overall job, sothey have a specificdefinition:

Definition 1 AtomicsubtaskgN,) aresubtaskghatcanbe ac-
complishedby a singleagentin asinglestep.

We conside atomicsubtaskgo bethe smallestelementof
a task, and so they cannd be broken down into simplertasks.
They canalsobe completedby a singleagent. For this reason,
thereis no communicationinvolved within a singleatomicsub-
task. Theremay however, becommuricationamorg atomicsub-
tasks.

Atomic subtasksare individual partsof a larger job that
canbe accomplishedy a singleagen. Thetaskitself mayre-
quire commurication or prerequsite tasksto be accompished.
As aresult, thereare several differentclassificationsof atomic
subtasks.

Definition 2: Dependehatomic subtasksare atomic subtasks
thatdependon the completionof othersubtasks.

Definition 3: An atomic subtasks Dependene rankingis de-
finedas

1. 0if it isanindependentatomicsubtask

2. 1 plusthe greatesdepenéncerankingof all atomicsub-
tasksuponwhichit is depemnlent.

A depene@nt subtaskcan only begin oncethe subtask(s)
precedingit has(have) beencompleted For this reasona de-
pendenatomicsubtaskcanbeaccompishedwith thesameagent
thatcompletedts precedingcompletedatomicsubtask(s).

Definition 4: Indepenmlentatomicsubtaskslo notdependon the
progresof othersubtasks.

Unlike depenént atomic subtasks,indepen@nt atomic
subtasksdo not require other subtask to be completedprior
to the atomicsubtaskin question Oftentimes,anindepenént
atomic subtaskstartsa chain of dependentatomic subtasks.In
mary casesindepen@ntatomicsubtaskgive informationto de-
pendenor codegndentsubtask.

Definition 5: Codependntatomicsubtasksareatomicsubtasks
that communicateand musthappen at leastpartially simultane-
ously

The actionsof eachof the codegndentatomic subtasks
affect the actionsof all others. This relationshipbetweencode-
penden atomicsubtaskss calledcommunicationln communi-
cation,subtaskgorvey informationto eachotherthathelpthem
accomplisttheirtasks.Thisallows codep@adentatomicsubtasks
to be coordinded, even thoughthey do not necessarilystartor
endconcurrently

Definition 6: Tasksaregroupsof atomicsubtaskghatarecon-
nectedo eachotherby somekind of depemleng. A specifickind
of taskis alinear taskin which thegroupof atomicsubtasksare
well-orderedby depen@ngy.

Tasksmayconsistof indepementsubtasksgepenéntsub-
tasks,and/orcodepedentsubtasksAt leastonesubtaskis nec-
essaryfor a task, but no onetype of subtaskis necessaryor a
task. Theremaybe morethanonetaskin a problem.

Definition 7: A linear stepis the setof all atomic subtasks
within onetaskthathave the samedepemenceranking.

Definition 8: A microtaskis definedasa setof codepndent
atomicmicrotasks.Thesemay be connectedn ary way includ-
ing througha singlecommonatomicmicrotask.

Notethata microtaskis asubsebf thelinearstepthatcon-
tainsit.

2.2 Graphs

Problemsmay be representedy graphs,which themselescan
yield remarkabldnsightinto theway in which problemsareac-
complished In this sectionwe examinehow a problemmay be
expressedasa graph. We thenusethe graphsto generateheo-
reticalresultsconceriing problems.

Definition 9: Graphs,or taskmaps arepictoralrepresentations
of problems.

Therearetwo main compmentsof graphs:nodesandor-
deredpairs. Eachnoderepresent®ne atomic subtask. We as-
sumethat thereare finitely mary nodes. As a result, we may
uniquely label eachnode. Two atomic subtaskgelatedto each
otherby somedepemleny aredesigratedon the graphthrough
orderedpairs. Eachorderedpair represent®ne unidirectional
depen@ng. The numberof the node of the antecedet atomic
subtaskin a dependacy senesasthe domainvaluein the or-
deredpair; the numker of the nodeof the depemlentatomicsub-
task senes asthe rangevalue. Since eachorderedpair repre-
sentsonly a unidirectionaldepen@ngy, two orderedpairs must
be designatedor codegndentatomic subtasks.In the caseof
codepadentnodes,oneorderedpair for eachdirectionmustbe
stated. Thus, with a list of orderedpairsandlist of nodes,the
graphis well-defined.

Definition 10: Equivalentgraphsaregraphsthat, after neces-



sary re-numbering containthe samesetof nodesandidentical
orderedpairs.

Swarminessasit will bedefinedbelaw, createsanequia-
lencerelationonthesetof problemgraphs All equivalentgraphs
belongto the sameequialerce classesandthereforewill have
thesameswarminesshowever, two graptsthatproduethesame
swarminessare not necessarilyequialent. ldentical setsof or-
deredpairs imply that thosegraphshave the samenumter of
atomicsubtask andthateachcorrespading atomicsubtaskhas
the samedepemlencies.In suchcasesthe graphscanbe called
equialert.

3 Calculating Swarminess

In this section,we will definethe swarminessmeasure.Thisis
basedon threemain criterion. Thefirst, which is the minimum
simultaneity is the smallestnumberof agentsthat canbe used
to completea problem,assumingthat no one agentmay work
on atomicsubtasksimultaneousfy Considerfor instancethat
theproblemin questiorhasa specificnumberof atomicsubtasks
which mustbe carriedout simultaneosly in orderfor the prob-
lemto beaccomplishedThen,assuminghateachof thesemust
bedoneby asingleagentthis meanghatthe problemmusthave
atleastthis numberof agentdo accompish the problem.

3.1 Simultaneity

Definition 11: Minimumsimultaneityof a task(S;) is thesmall-
estnumber of agens thatmustbe presenfor a singletaskto be
accomplishd.

Recallthatataskis atrackof atomicsubtaskshatarecon-
nectedo eachotherby somekind of depandeng. Theminimum
simultaneityof ataskcanbefounddirectly from thegraph it is
simply thenumbe of atomicsubtasksn thelargestmicrotask.

Theorem 1 Linear taskshavea minimumsimultaneityof one
Proof: A lineartaskis anorderedlist of atomicsubtaskwhich
doesnotcontainary microtasks Thereforet cannothave amin-
imum simultaneitygreatetthanone.d

Lemma 1 A single agent may be usedto accomplisha linear
task.Proof: Sincealineartaskhasa minimumsimultaneityof
one,this meanghata singleagentmay accomplisheachatomic
subtask.As a result, this single agen, properly equipped, may
accomplishall atomicsubtask sequatially. (I

As indicatedby Lemmal, ary atomicsubtasksonneted
to each other by unidirectional dependenciescan be accom-
plished using the sameone agent. On the other hand atomic
subtaskshatarecodep@dentwith eachothermustoccursimul-
taneously As a result,morethanone agentis required. There-
fore, minimum simultaneityof a problemis determinedsolely

1This is, of course,not the casefor people As anexampk, if the
taskis to put down four rocksin the shapeof a squarea single person
can accanplish this, but the positions of eachof the rockswill affect
adjusmentsof the positiors of ead of the otherrocks.

from the microtasksin the differenttasks. This is morerigor-
ouslyprovenin thenext theorem.

Definition 12: Minimumsimultaneityof a problem(S;,) is the
minimum numbe of agentsthat mustbe presentfor a problem
to beaccomplishd.

Theorem 2

Proof: The minimum simultaneityis the numter of agentsre-
quiredto accomplisithe entireproblem.Sinceeachtaskmaybe
donesequentiallythe numberof agentsequiredis equalto that
requiredby the taskwith the greatesnumberof agents.Thisis
themaximumamongs;. O

Minimum simultaneityof a problemis thegreateshumber
amongall of the minimum simultaneitiesof tasksin that prob-
lem. This numbersignifiesthe greatestminimum simultaneity
of all tasksin a problem,andthereforethe smallestnumberof
agentsnecessaryo accomplishthe problem. With this number
of agentsgvery taskis capableof beingfinished.Sinceall prob-
lemsaremadeup of oneor moretasksaccomplishingvery task
in a problemwould accomplishthe entireproblem.

Definition 14: Maximumsimultaneity(Sas) is the maximum
numberof agentghatcanbeworking on a given problemat the
sametime without interruptingeachother

Maximum simultaneitycan be calculatedfrom the mini-
mum simultaneityof all tasksin that problem. It is the sumof
all of the minimum simultaneitiesof tasks. This is significant
becauset potentially allows for all tasksof the problemto be
solved atthe sametime. By addingthe minimum simultaneities
of all taskstogether we are ensuringthat all of the tasks,and
the problem,canbe accomplishedt the sametime. In essence,
the maximumsimultaneityis the number of agentsthatwill be
working when the largestmicrotaskof all tasksare being ac-
complishedatthe sametime. This is expressd in thefollowing
theorem.

Theorem 3
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3.2 Saturation

Satumtion (S, ) is ameasuref thevariancebetweerthenumber
of agentsrequiredfor differentpartsof a problem. This is im-
portantbecauset givesanideaof how badlyaproblemrequires
aswarm. If the minimum simultaneityis large,andmostof the
microtaskshave this large simultaneity thenthe useof a swarm
is very stronglyjustified. However, if mostmicrotaskauiseavery
smallnumberof agentsthenthe useof a swarmis not strongly
justified,andalternatve method<f achieving thetaskwithouta
swarmreasonaly might be sought.
Maximumsimultaneitymeasureshe numkber of agentse-
quiredat the peakof simultaneousvork. While that numberof



agentsmay be beneficialin solving oneportion of the problem,
it is possiblethatthe remainderof the problemdoesnot require
asmary agens. In this casewe saythatthe saturationvariance
is high, meaningthatcommuricationandsimultaneousvork do
not benefitthe problem,andthe needfor a swarmdecreases.

Definition 15: Satumation of a problemis definedas
(Nai,.)®
(Na)(Sm)

whereN,, , representshe numberof atomicsubtasksn linear
stepi, N, representthe numbe of atomicsubtasksn theentire
taskt, andS,, represets minimumsimultaneityof the problem.

Sa = Etzz (3)

Na,

- accountdor therelative numbe of resource usedby
eachlinear step, by comparingthe numkber of agentsrequired
for eachlinear step(IV,; ) to the minimumnumker of agentsre-

quired for the entire problem (S, ). ijvi gives a value to the
significanceof thattask, 7, ascomparel to the entire problem.
Therefore,our saturationvaluetakesinto accoun the resources
thatarebeingefficiently usedduring specifictimesof the prob-
lem.

In the mostsaturatedroblem,all partsof the problemre-
quirethe samenumberof agentsandsaturatioris 1. Therefore,
thecloserthe saturationvalueof aproblemis to 1, the morejus-
tifiable it is to utilize a swarm of the given size— thereis little
wastein termsof idle time or interferencelf thesaturationvalue
is too low, thena swarmis notanacceptablenediumfor solving
that problem;too mary agens areexpededto beidle for much
of theproblem.Onepartof theproblemwill requirealargenum-
ber of agentswhile otherpartsof it will requirevery few. The
remainingagentghatarenever usedagainbecomewastesn re-
sourcesandmong. Other more corvertional ways of solving
theproblemarelikely to be preferable.

3.3 Swarminess

Usingthe valuesfrom the previous sectionswe now candefine
thetermswarminess.

Definition 16: Swarminessanbe definedasa vectorfunction
of 3 comporents. .
S = (Sm,Sm, Sa) 4

The first compaentaccourts for minimum simultaneity
of a problem(S,,), the smallestnumberof agentsrequiredto
achieve aglobalgoal.

The secondcompaent of the swarminessvector repre-
sentsmaximum simultaneityof a problem (Sar). S is the
maximumnumberof agentghatcanbeappliedto a problemand
canbe actingon separateatomic subtaskssimultaneosly. It is
possiblefor this numberto actonly on onespecificgroupof mi-
crotaskspr to beactive continually In thelattercasetheswarm
is leastwasteful. A high Sy indicatesthat a large numberof
agentanactatthesametime, pushingforwardtheglobalgoal.
Ontheotherhand alow Sy, indicatesthatonly a few may act
simultaneously The smallernumberprovideslittl e incentive to

usea swarm. As we shall see,thereare casesin which Sus is
infinite. In this case thereis no upper bourd on the numberof
agents.

The third componeh of this vectoris the saturation,S, .
S. representshe variancein the numker of agentsrequiredfor
eachstepof the problem. The saturationof a problemranges
from O to 1, with 1 being a stateof completesaturation. The
greaterthe saturation the smallerthe varianceis, andthe more
similar different partsof the problemarein how mary agents
they require. Therefore,as saturationof a problemincreases,
the swarminesf the problemshouldalsoincreasesincefewer
agentsandresourcesrebeingwasted.

Theuseof all threemeasureprovidesimportantinforma-
tion aboutthe natureof the problem. If the problemhasa very
smallS,,, thenthisindicateghatthe problemdoesnot necessar
ily needto besolvedwith aswarm. Ontheotherhand,ahigh Sy
indicatesthata swarmis potentiallyanefficient choice.Finally,
alow S, indicatesthatthe useof a swarm might be inefficient
for mostof the problem,while ahigh value(closeto 1) indicates
thata swarmwould bewell utilized.

In the next section,we will examinesomeof the differ-
ent typesof problems. We shall seethat there are significant
differencesbetweenthe two main classef problemsand that
thesedifferencedeadto significantdifferencesn functionalap-
proaches

4 Classesof Problems — Stigmergy and
Command

In this sectionwe examinethe conceptof stigmengy. Stigmegy
is animportantpartof swarmdesignof swarmsfrom puck clus-
teringsystemdo antcolory optimization.It is soimportantthat,
asweshallseetherearetwo differentbroadclasse®f problems.
Oneof theseclassefiasacomporentthatis stigmengic in nature,
andthe otherdoesnot. The swarminessof thesetwo classeof
problemsworksout quite differently

4.1 Command tasks
We bggin by definingnon-stigmegic tasks.

Definition 17:  An ervironmernal measuable is a measur
ablequantitywhich is not directly controlledby anautonomais
agentbut maybeaffectedby behaiors of theagent.

An exampleof anervironmentalmeasurale is theamount
of CO; in theatmosplere. This is measurale, but not control-
labledirectly by any agen. As aresult,it isn't acharacteristiof
theagentbut rathereverythingbut the agent.

Definition 18: Theervironmen is the setof all ervironmental
measurables.
Definition 19: Commandasksarethosethatdo not communi-

cateusingthe ervironmert asa communicatiormedium.

Commandasksare madeup of atomictaskswhich com-
municatethrough their actions,asin constructionswarms, or



throughtheir agentsasin naturalswarms. The numberof com-
mandtasksin a swarmis definiteandpredeterminedThe num-
berof agentsn eachcomman taskis alsodefiniteandpredeter
mined.

Theorem 4 Swarminessis well-definedfor commandtasks.
SinceS,, Sn, and Sy areall well-defined swarminesss well-
defined. OO0 Proof: A linear taskis an orderedlist of atomic

subtasksavhich doesnot containary microtasks. Thereforeit
cannothave aminimum simultaneitygreaterthanone.d

4.2 Stigmergic Swarms

Definition 20: Stigmegic communicatiotis atypeof communi-
cationthat occursindirectly amongtasksthroughmodifications
in theernvironmert.

All previously consideredcommunication has been as-
sumedto be betweenthe atomic subtasksof a problem. In
stigmegic commurication, however, informationis exchangel
amongthetasksof the problem.By definition,tasksareentirely
separatgobs that do not directly communicate. Any form of
commurication betweentasks,therefore,occus indirectly and
throughthe ervironment. In stigmegic communication,the ac-
tions of onetaskmodifiesthe ervironmert, whichin turn affects
theactionsof the othertasks.

Definition 21: Stigmegic tasksaretasksthatutilize stigmegic
commuration.

Lemma 2 All swarmsare eithercommandr stigmegic.

Commandswarmsare thosethat have a definitely estab-
lished numkber of tasks. Stigmegic swarmsdo not have a def-
initely establishechumberof tasks;the numberof tasksin a
stigmepgic swarm depend on the ervironment. Swarmseither
dependdr do notdependntheervironment. Therefore swarms
areeithercommandor stigmeugic.

Definition 22: Stigmegic graphsare mapping of problems
thatutilize stigmegic communcation.

Stigmepgic graphscontainnodes that depictervironmen-
tal variables.Sincestigmegic communicationoccursbetweera
taskvariableandan ervironmertal variable,the graphsmustbe
updatedo allow for thistype of communication.We enhancehe
taskgrapls by giving the environmental variableits own node.
Stigmepic commuricationis depictedusingcommuricationar
rows betweernthe interdepedenttasksand ervironmentalvari-
ablenode.Sincethe environmentfeedshackinto the stigmenpic
task,the stigmegic partof the graphis cyclic. As aresult,there
is no specificnumberof atomic subtask, but rathera specific
numberper cycle. We call eachcycle aniteration andindicate
the numberof iterationson the graph. We also note that each
cycle might be accomplishd by a singleagent,but theseagents
neednotbethe sameduringeachcycle.

Therearetwo classe®f stigmegic problems:definitestig-
memic problens and stochasticstigmegic problems. Definite
stigmegic problemsarecomposedf subtask thathave exactly
one potentialoutcome This meansthat when a subtaskis ac-
complished the specificoutcomeoccurs. Stodhastic stigmegic
problemsareproblemsn which oneof multiple outcomeccur.

Therearetwo waysthata swarm canupdatethe erviron-
mentalvariables.Oneof thewaysis usinga syndronousupdate
andthe secoml is usingasyn&ironousupdate In thefirst mode,
ernvironmental variablesareupdatedat oncefrom severalagents.
In the secondmode, ervironmental variablesare updatedindi-
vidually via the differentagens. The first might happenwith a
computatiorl swarmusinga singlesener housingall the envi-
ronmentaimeasurablesyhile the secondnight bedonein prac-
tice during constructionwork by, for example,ants.

Whena problemcontainsa stigmegic portion, it may be
the casethatthe tasksarestochastidn the sensehatataskmay
have severaldifferentpossibleoutcomesin this case gachagent
cancarryoutoneof mary differentatomicsubtask. This means
thatthe effect of eachagents behaior canbe random. We call
suchproblemsstodastic stigmegic problems The ant colory
optimization algorithmsare examplesof stochasticstigmenic
problems.

In whatfollows, we assumehatall agentswork in a state
of having no memoryof previousstatesThismeanghatthesys-
temevolutionis dictatedby thebehaviors of theagenswhichare
themselesdepen@ntonly onthe systems currentstate. Thisis
notunreasonhle,asit canbedemonstratethatevenpeoplehave
alimited memoryof previousencoutters,draving muchof their
behaior from theirinteractionwith their environmerts.

In generalfor stigmepic tasks thebehaiors of theagents
aredictatedin wholeor in partby the stateof the environmental
variables{ei}fvzel. If we assumefor simplicity, that N, = 1
thenthebehaiors of the agentamaybe parametrizedsfollows:

b= f (e, am) ©)

wherez; representsary othervariableuponwhich f, is depen-
dent.

Given that a taskis stochasticwe can write the various

outcomef the behaior hasmary possibilities.|.e.

be {yi(e)}L;- (6)
Eachof the outcome may have a probability of occuring
of

p(bi) = pi. @)

In theeventthatthesystenmupdatesheernvironmertal vari-

ablessynchronously using the behaiors of several agents,the
ervironmental variableswill updateaccordingto theequation

=Y L@ o) B (i @) (®)

In the oppositeevent, that the systemdoesnot do syn-
chronots updating,the systemwill take on differing statesac-
cordingto the probabilitiesgiven above. The systemwill then
becomedefinedby Markov statistics.



This discussiortlarifiesthe following theorem.

Theorem 5 Supmsea problemis a stohastic stigmegic prob-
lem. Given that the behaviors of the agerts is a function of
the ervironmentalvariable e, the large ensemblesolutionto the
stodhastic stigmegic swarmis the solution to the differential
equationgivenin (8).

This is an extremely importantresult, asit indicatesthat
theoverallbehaior of theswarmcanbecalculatedperhapsec-
essarilyvia numeical solution,by solving the differentialequa-
tion givenin (8). In contrast,no suchpredictive power exists
withoutthe ensembleln thatcasethe systemevolvesrandomly
Thoughone may still make meaningfulstatement&bou what
might happen becauseof the relative probalilities, very little is
certain,asthe systemmay move in ary one of mary directions
randomly

Themainimportanceof thistheoremderivesfrom systems
in which thereare multiple attractors.In suchsystemsthe be-
havior of the systemmay be predictedonly if thereis a way of
describinghow its constituenpartswill effecttheoverallsystem
behaior, somethingthatis very difficult to do in a Markovian
system.While the overall dynamicmight beto bring the system
to a desiredsystemattractor what might actuallyhapperis that
therandommssin thesystenmight bring the systemto asecond
attractor

An ensemblesystemis quite reproducible. The solution
to the differential equationis well defined,andthusthe system
tendsto approximatethe desiredbehavior duringeachrun. This
would seemto be a desirablepropertyof an engineerd swarm
system,and would tend to indicateone of the strengthsof the
swarm asopposedo a singleagent;a single agentmight make
mistalesthatinfluencethe overall behaior of the systemwhile
an ensemblewill tendto producemore similar outcomeseach
time.

In the following theorem we ignorethe physicalsizeand
structureof the swarm comporents,andfocussimply ontheac-
complishmenof thetask.

Theorem 6 The maximumnumberof subtasksn a stigmegic
problem cannd be determineda priori. Proof: This theo-
remmeanghatknowledge of thebehavior of theinteractionbe-
tweenthe ervironmertal property P beingalteredandthe sub-
tasksaloneis not sufiicient to predictthe numberof subtasksn
astigmegic problem.

Let the ervironmert have somemeasurableproperty P.
Theglobalgoalof eachproblemis to modify the propertysothat
it takesonadesiredstate.Eachdefinitesubtaskpncecompleted,
affectsa changein the propertythroughthe actionof somebe-
havior, b. A P;, thechangan propertyP, representthechangen
theervironment affectedby atask,i. Notethat A P; is afunction
of Pandb. Thebehaior carriedout by the subtaskis afunction
of the propertythatis affectedby thattask. For example, APs
is a function of P; andthe behaior of the next subtask. A Pr
is the total changein the ervironmert propertyP for the entire
problem. It is the sum of the changein propertyover time for
all subtasks.However, the numberof subtask requiredto ac-
complishthis changein propeaty P cannd be known without
calculationof thechargein the propertyP ateachstepusingthe

valueof propertyP andthebehaior generatedby the subtask
APr =%{Ly AP (P—1,b) 9)

In the caseof the definite stigmegic problem,eachof the
P; is well-defined,thoughit cannd be determinedwithout cal-
culating,sequentiallyeachP; from b andeachP;_;. In thecase
of the stochasticstigmegic swarm, equation(9) doesnot have
awell-definednumberN. Pr cannotary longerbe calculated.
However, givena maximalnumberof stepsthe averagevalueof
Pr canbe calculatedusingthedistributionsof valuesthatcould
resultfrom thevariousoutconesat eachstep.

Theseargumentscompletethe proof. O

This representsa stark break with the commandtasks.
Commandaskscanbe definedand predicteda priori, but stig-
memic taskscannot. Moreover, if the stigmegic taskis made
up of stochastisubtasksthentherequiredtime to completethe
taskcannd beaccuratelydeterminedThisis a problembecause
thismeanghatthe stigmenic taskcannotbe plannedor exactly,
andterminationof this taskmustoccurvia somecriterion most
likely relatedto the valueof P. This alsomeanghatprediction
of the final valueof P, if it is not previously known, cannotbe
donewithoutaccomplishinghetasks.

Stochastic stigmegic problems are significantly more
troublesomebecausgin addition to the lack of predictibility,
theseproblemshave more unpredictake globd outcomes The
systemis likely to take arandomwalk throughstatespaceelated
to the stochasticmatureof eachsubtask. Thus, utilizing sucha
systentor anything critical is difficult to justify.

In orderto improve the predictibility of the stochasticstig-
memgic problems,one might utilize a large numberof identical
subtaskswvhoseinteractionswith the propety P are are aver
agedbeforeP is updated.Sucha problemis calledanensemble
stigmegic problem As aresult,equatior(9) becomes

(Abr) = A (P (Pi-1,b)) (10)

Stigmenic problems have interestingproperties,particu-
larly if they containmultiple stigmegic parts.Onesuchproperty
is expressedn thenext theorem.

Theorem 7 The satumation of a stigmegic problem is the
weightedmeanof the satuationsof the stigmegic tasks.Proof:
Recallthat the saturationof a task canbe calculatedusing the
formula

(1)

wheres representdinear steps,N,; represets the numberof
atomic subtaskser linear step, S,, representshe minimal si-
multenaity and N, representshe total number of atomic sub-
staskdn the problem Thusthis meanghatif we have K tasks,
the saturatiormay be calculatecas

s lar(a)
i=1
wherethe sumrunsover tasks. Supposethat several tasksare

stigmegic. Thenthis sum may be separatednto two parts,a
stigmegic partanda non-stigmegic part.

sa—W(ZSkZ( )’ +Zsk2( ))

m =1 m =1
(13)
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(14)

Let usassumefor simplicity thattherearetwo tasksin thetotal
problem.BeyondsomeK] , thetasksareassumedo becopiesof
thestigmenpic task,asthe sametaskis re-runsomelargenumber
of times. Let us assumethat this numberis .. Let us also
assumefor simplicity thattherearetwo tasksin theoverall task.
Then,K; = 1. Theequatiornthenbecones

1 1 , 1 )
Sa = Nig;)" + c— N2,q;
“ (Nl,a + NQ,a) (Sl,m 1:21( “ ) S?,m z:ZI( “ ) )
(15)

1 1 2 1 2
= Nig )2+ — N.Ns.a.
(Nl,a, +N0Ns,a) (Sl,m Z( l,az) S2m Z( c s,az) )

=1 =1 (16)
whereN; is thenumberof linearstepsin eachstigmenic cycle.
Assumethat N, > N , asis thecasefor moststigmenic tasks.
Thenthefirst termdropsoff to zeroand

Ne ¥io1(Nsya;)?
S2,m (N1,a+NcNs,a)

S (Vs Sims (New)?
S2,m (Nl\lf’a + Ns,a) S2,mNs,a

Similar reasoningprevails for problemswith stigmegic and
non-stigmegic parts,yielding
L 1 2
L T (s Sims M) 5 Ny
i1 Nova i1 Nove
Therefore,the arithmeticmeanof the saturationsof the

stigmenpic tasksin aproblem,weightedin accordinceto thesize
of thetasks,is the saturatiorof the entireswarm.d

Sa &

1n

(18)

a

Anotherpropertyof stigmegic tasksis thatoneof thevec-
tor comporentsof the swarminessmeasurds infinite. In this
casewe considerthe swarminessneasurdo beinfinite.

Theorem 8 Stigmegic tasksare “infinitely swarmy  Proof:
To prove this theorem,we considerthe threecompmentsthat
we have establishedn our swarminessvector

Maximumsimultaneity Sxs, of astigmenic task,givenno
externalbarriers,is infinity. We have establishedhatthe maxi-
mumnumberof agentghatcanbe appliedto a stigmegic taskis
determinedby the ervironmernt. Sincethereis no predeterming
pointatwhich the stigmegic taskis knownto becompletedwe
cannotsetanuppe limit on the numberof subtaskavhich must
be accompishedto completethe task,in generd As aresult,
we arefreeto utilize anunbaundednumber of subtasksHence,
we cansaythatthe maximumsimultaneityof a stigmepic task,
the greateshumber of agentsthat canbe appliedto a problem
withoutinterferingwith eachother is unbourded.

The minimum simultaneityof a problem, S, of a stig-
memic taskis finite. Therefore the lower bourd for minimum
simultaneityof a problemis finite.

Becauseof this, we cannotpredict the exact saturation
(S,) of astigmepic swarm. We can, however, estimateS, of
astigmepgic swarmto be closeenoudn to 1 thatthedifferenceis

negligible. A problembecanesincreasindy saturatecas more
partsof the problemrequirethe samenumberof agens. Al-
thoughtheremaybenon-stigmegic tasksin astigmengic swarm,
the numker of cycling stigmegic taskswill greatly outnunber
the numberof non-stigmegic tasks. Becauseof the natureof
stigmepic tasksto repeat,we can assumethat the variancein
saturationdue to the non-stigmegic tasksis negligible. The
swarminessrectorfor stigmegic swarms,then,is

S = (k,00,1) (19)

wherek is somefinite valueof S,,. O

4.3 Command Tasks

Commandtasksare tasksthat do not contain stigmepic com-
ponens. As a result, thereis no bidirectionalinteractionbe-
tweenthe task and the ervironment. Despitethis, mary com-
mandtaskshave emepgentpropertiesandarethereforeof interest
to the greaterswarm commurity. Among swarmsthatcarry out
commandasksareflocks, herds shoalsformationsandthelik e.

Whileit is understoodhattheseareswarms theirnatureanddif-

ferencefrom stigmegic swarmsis still largely misundestood.
This sectionwill elucidatesomeof the propertiesof commar

tasksthatarecarriedout by flocksandthelike.

A spatially constained swarmis a swarm in which the
centerof the swarm (or averageposition of the agents)andthe
mostdistantagentaremaintainedbelow a particulardistanceR.
A swarmmaintainingaformationis a swarmin which theneigh-
borsof eachagentdo not changefrequently;the time-averaged
setof positionsof neighbas of agentsemainsconstantevenif
the specificagentgakingthe positionsdo change

It is clearthatthetaskundertalenby anagentin aspatially
constrainegwarmis to maintainits positionaccordingo anum-
ber of differentcriterion. Thesemay be extremelyrestricted,as
in arigid formation,or very loose,asin afluid anddynamically
changirg swarm. However, aslong asthe agentis constrained
within the swarm, it is undertakingthis onetask. The taskis in
continualcommuncationwith otherpositionaltasksundertalen
by otheragents.As aresult,if N agentsarein the swarm,there
are N mutually communicatingasks. The taskmap,then,con-
sistsof afully conrectednetwork of N nodes. Fromthis map,it
is clearthatS,, = Sy = N andthatS, = 1. As aresult,the
swarminessvectoris (IV, N, 1), which is maximal. This proves
thefollowing theorem.

Theorem9 Flocks,hers, schools(of fish),andthelike, are com-
mandswarmsbut maximalswarminess.

An easycorollary of this theoremconcerrs the saturation
of spatiallyconstrainedwarms.

Corollary 1 S, for all swarmsthat are flodks, herds, schools,
andthelike, therefore, is always1.0.

Thisis adirectresultof thetheorem.



5 Discussionand concluding remarks

Previous work on swarmshave concertratedheavily onthe en-
gineeringof swarmsand swarm emegence. While the field of
swarmengineerindnasseermuchprogressn method=of swarm
applicationsthe questionof the usefulnes®f swarmsin specific
situationshad not beenasled until this paper In this paper we
studiedthejustificationfor the useof swarmsandformulateda
vectorequationthataddressethe question.

Our pape doesnot attemptto createa metric by which to
measureswarminesslt doesnotestablisthourdsontheswarmi-
nessvectorto indicatewhetheror not a problemshouldbe at-
tacked with a swarm. Instead we evaluae the propertiesmost
essentiato the definitionandcharacteristiof a swarm. We rec-
ognizethateachproblem-soler hasa uniqueandspecificsitua-
tion accordirg to which he or shemustdecidewhetherto apply
aswarm. Suchfactorsmayincludelimitationson time, technol-
ogy, monetaryresourcesetc. By providing equationshy which
to calculateminimum simultaneity maximumsimultaneity and
saturationwe give the userthe choiceto decidewhatproperties
arethemostimportantin their decisionto apply a swarm.

Overall,we have establishedhatthe connestionsbetween
thetasksandsubtasksvithin theproblemaretheprimaryindica-
torsof theusefulnes®f a swarm for thatproblem. The connec-
tions betweensubtasksndicate communicgion, and therefore,
minimum simultaneity maximumsimultaneity andsaturation.

Our methodof analyzingproblemsis uniquein that we
considerthe tasksof problemsto determinethe appropiateness
of aswarm. We establishtwo typesof tasks,commanl tasksand
stigmegpic tasks.If thetaskis command,th@utcomeof thetask
is generallypredictableput it may or may notlenditself corve-
nientyto swarms(i.e.,construction) If thetaskis stigmenic, the
outcomeof the taskis generallya randomwalk (i.e.,ant TSP,
but it is naturally swarmy. Moreover, this randomwalk canbe
mitigated through careful applicationof ensemke updating in
the placeof asynchlonousupdating.

Commandtaskshave varying levels of swarminess,de-
pendingon the specifictask. The only exceptionto that gen-
eralizationis a commandaskin which one or moremicrotasks
male up the majority of thetask.A commanl taskwith a heary
concerration of codegndentatomicsubtasksequirescommu-
nicatingandsimultaneouly working agents, whichis character
istic of a swarm. This realizationled us to a conclusionabout
flocks, herds schoolsandthelike.

Using the swarminessvector we shaved that problems
suchasthe coordinatednovementof flocks, herds,andschools
of fish, have maximalswarminessTheindividual animalsthem-
selves act asboth agentsand subtasksn theseproblems. Fur-
thermoreall of theanimalsin aflock, herd,or schod mustcom-
municatewith eachother; the problem,therefore,is one large
microtask. Sincethosesubtasksin the one microtaskare the
only subtasksn the problem,S,, = S» = N, the number of
agentsandsS, = 1.

The secondtype of tasks,stigmepic tasks,are infinitely
swarmy, asprovedin the paper The natureof stigmepic tasks
naturally lend thesetasksto use by swarms. This paperalso
malkesspecificreferencdo the Traveling SalesmarProblemfor
ants(ant TSP)in termsof swarminessof stigmepic tasks. The
ant TSP clearly utilizes stochasticstigmegic commurication;

the taskscommuricate via the ernvironment, which is updated
asynchraously after every iteration. We have proven that the
antTSR like ary otherstochasticstigmegic problem,inevitably
resultsin a randomwalk. The only way to solve a stigmepic
problemandprodwce accurateandreproducableresultsis to up-
datethe ervironment synchromusly In synchraousupdating,
the ervironmert is updatedasa resultof the outcomeof several
iterations. The updae to the ervironmentis an averageof the
resultof thetaskscompletedby severalagents . Sincetheresults
are averagedbefore making an effect on the ervironmert, that
effect is lesslikely to producea randomwalk on the environ-
ment. Essentially the more synchromusly the ervironmentis
updatedn a stigmegic problem,the morelikely the problemis
to produceareliableresult.

Stochasticstigmegic problemssuch asthe ant TSP are
commonin swarmenginering. This paperhasproved,however,
that resultsfrom stochasticstigmengic problemsare unreliable.
In orderto ensurethat problemssuchasthe ant TSPwill pro-
ducemorereliableresults,stigmegic problemsmustbe solved
with synchronaisupdates.

This paperindicatesthat ant colory optimizationof TSP
will producemore reprodicible behaior if the ervironmentis
updatedsynchromusly Furtherstudieswill morethoroughy in-
vestigatethis by simulatingand colory optimizationwith both
asynchrmousand synchromus updates. The resultsof sucha
studymight have wide rangingimplicationsfor the swarmengi-
neeringcommunity

Recentswarm literaturehas put muchfocus on applying
swarmsto constructiorproblems . Sinceit is widely assumedhat
constructionreadily lendsitself to swarms,it will alsobe inter-
estingto investigateconstructiorproblemswith our swarminess
vector Futurestudieswill furtherexploreconstructiorproblems
anddeterminewhich kind of constructionproblems,if ary, are
readily swarmy.
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