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Abstract

This paperexamines the concept of swarminess, or the
level of appropriatenessof a swarmfor a giventask. We
begin by defining the concept of a task and developing
dependencemapsincluding uni- andbidirectional depen-
dences.We thendefinea vectorswarminessmeasure.We
examine two broad classesof tasksknown asstigmergic
andcommandtasks.Weshow thattheswarminessof stig-
mergic tasksis infinite, while thatof commandtasksis fi-
nite. Weusethisto examinetheswarm-basedconstruction
taskanddetermine that this task,depending on available
technology, maynotbeswarmy.
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1 Intr oduction

Over the pastfew years,swarm engineering[8] hasenjoyed a
growing interestasa field of inquiry. Swarms,or bidirectionally
communicatinggroupsof individuals,haveanumberof interest-
ing characteristics,the most intriguing beingthat someswarms
seemto have the ability to accomplishasa group much more
thanan individual agentof the swarm could accomplish work-
ing alone,evenwith an infinite amountof time. This capability
is closelytied in to anotherpropertyof swarmsknown asemer-
gence. In layman’s terms,emergencemeansthat theswarmhas
unexpectedcharacteristics,notdeliberatelypartof thedirectpro-
grammingof its constituentparts.Together, thesetwo properties
form thecoreof theintenseinterestin swarms.

Recentwork [5, 6] hasdemonstratedthatemergentswarms
canbe designedso that the emergentpropertiesarenaturaland
predictableresultsof the interactions.Having this kind of pre-
dictibility anddesigncapability begins to solve oneof themost
importantquestionsin swarmengineering- thatof how to design
a desiredswarmoncethegoalhasbeenclearlystated.However,
it doesnot solve anotherimportantquestionwhich haslargely
beenignoredby theswarmcommunity.

When facedwith a difficult problemto solve, engineers
typically choosefrom many differentpotentialsolutionsto prob-
lems.Onesolutionmightbeto useacomplex device thatcanbe
produced in somefactory. The costmight be high or reliability
somewhat low, promptingus to searchfor alternatives. On the
other hand, the machinemight be useful only for this project,
whichmakesits reusibility limited. Thesearchmightbringusto
swarms,which areflexible, reconfigurable,robust,andtypically
madeupof cheapparts.But, is thisreally thebesttechnology for
thejob? Whatpartof theproblemlendsitself to useby swarms?

Tacit assumptions that searchis well approachedwith a
swarmabound. Many researchershave worked on swarmbased
construction[1, 9, 10]. Similarly, plumetrackinghasbeenstud-
iedwith swarms[4], thoughto date,theauthorsarenotawareof
any work justifying thisapproach. Anotherwell-studiedproblem
hasbeenthe variousant colony optimizationalgorithms[2, 3]
yet little literatureexists which indicatesa specificreasonwhy
swarmsareappropriatefor thesekindsof problems.As a result,
all of theseapproachesto swarmengineering have dependedon
anassumptionthatthiswastheproperapproach.However, these
approacheshave notyet beenimplementedon many of thecom-
mercial systemsthat have dealtwith theseproblems. It is not
clearthatthebenefitsof theuseof swarmsjustify their useover
otherexisting technologies.

The presentwork concerns itself with the motivation for
usinga swarm. We begin by makingrigorousdefinitionsabout
tasks, task maps,and the types of interconnections that exist
betweenthem. We usetheseconceptsto definea measureof
swarminess. This is a measureof how much a swarm is re-
quiredandhow muchof theproblemis this swarmy. We exam-
inedifferenttypesof tasksincludingtwo broadclassesknown as
commandtasksandstigmergic tasks. Stigmergic tasksarethose
in which the taskinvolveschanging an environmentalvariable,
whichin turnaffectsthewayin whichthetaskcontinuesto beac-
complished. Commandtasksaretaskswhich arenot stigmergic.
We usethesedefinitionsto show that flocks andherdsaccom-
plish tasksthat are commandwhile antsand beesaccomplish
stigmergic tasks. All of thesetypesof swarmshave maximal
(which for stigmergic tasksis infinite) swarminessdespitetheir
obviousdifferences.

2 BasicDefinitions

Whenconsideringusinga swarm to completea task,we must
first establishthatthetaskrequiresa swarm. We mustthenesti-
matethesizeof theswarmthatthetaskcanutilize without inter-
ferencebetweenthe variouselementsof the swarm or wastein
the form of idle agentswaiting for othertasksto be completed.
We startby consideringthe natureof a taskspecificationfrom
thepoint of view of theagentswho aregoingto accomplishit.

Our startingpoint is that, given a specifictechnological
level, the agentswill have a well-definedset of capabilities.
Thesecapabilitiesdefinetheminimal taskanagentmight beex-
pectedto accomplish. We assumethatthis is well defined.That
is, if a taskis givenalongwith anavailabletechnological speci-
fication,thetaskcanbebrokeninto pieces,eachof whichcanbe
accomplished in onestep.
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Figure1. This figure illustratesindependentanddepen-
dent atomic subtasks.The independent task is the left-
mosttask,while theothersaredependent.

2.1 Problems

Swarmsthat employ onetechnology will have onesetof tasks
while those that employ other technologieswill have others.
Moreover, thesetechnologies mustbe able to be put on an au-
tonomousplatformin orderto beconsideredaspartof aswarm’s
design.

Tasksthatcanbe accomplished in this way areimportant
to theoverall job, sothey have a specificdefinition:

Definition 1 Atomicsubtasks(
���

) aresubtasksthatcanbeac-
complishedby asingleagentin a singlestep.

Weconsider atomicsubtasksto bethesmallestelementof
a task,and so they cannot be broken down into simpler tasks.
They canalsobe completedby a singleagent. For this reason,
thereis no communicationinvolvedwithin a singleatomicsub-
task.Theremay, however, becommunicationamongatomicsub-
tasks.

Atomic subtasksare individual partsof a larger job that
canbe accomplishedby a singleagent. The taskitself may re-
quire communication or prerequisite tasksto be accomplished.
As a result, thereareseveral differentclassificationsof atomic
subtasks.

Definition 2: Dependent atomicsubtasksareatomicsubtasks
thatdependon thecompletionof othersubtasks.

Definition 3: An atomic subtask’s Dependence ranking is de-
finedas

1. 0 if it is anindependentatomicsubtask.

2. 1 plus the greatestdependencerankingof all atomicsub-
tasksuponwhich it is dependent.

A dependent subtaskcan only begin oncethe subtask(s)
precedingit has(have) beencompleted. For this reason,a de-
pendent atomicsubtaskcanbeaccomplishedwith thesameagent
thatcompletedits preceding, completedatomicsubtask(s).

Definition 4: Independentatomicsubtasksdo notdependon the
progressof othersubtasks.

Unlike dependent atomic subtasks,independent atomic
subtasksdo not require other subtasks to be completedprior
to the atomicsubtaskin question. Often times,an independent
atomicsubtaskstartsa chainof dependentatomicsubtasks.In
many cases,independentatomicsubtasksgive informationto de-
pendent or codependentsubtasks.

Definition 5: Codependentatomicsubtasksareatomicsubtasks
that communicateandmusthappen at leastpartially simultane-
ously.

The actionsof eachof the codependentatomic subtasks
affect the actionsof all others.This relationshipbetweencode-
pendent atomicsubtasksis calledcommunication. In communi-
cation,subtasksconvey informationto eachotherthathelpthem
accomplishtheirtasks.Thisallowscodependentatomicsubtasks
to be coordinated, even thoughthey do not necessarilystartor
endconcurrently.

Definition 6: Tasksaregroupsof atomicsubtasksthatarecon-
nectedto eachotherby somekind of dependency. A specifickind
of taskis a linear taskin which thegroupof atomicsubtasksare
well-orderedby dependency.

Tasksmayconsistof independentsubtasks,dependentsub-
tasks,and/orcodependentsubtasks.At leastonesubtaskis nec-
essaryfor a task,but no onetype of subtaskis necessaryfor a
task.Theremaybemorethanonetaskin a problem.

Definition 7: A linear step is the set of all atomic subtasks
within onetaskthathave thesamedependenceranking.

Definition 8: A microtask is definedasa setof codependent
atomicmicrotasks.Thesemaybeconnectedin any way includ-
ing througha singlecommonatomicmicrotask.

Notethatamicrotaskis asubsetof thelinearstepthatcon-
tainsit.

2.2 Graphs

Problemsmay be representedby graphs,which themselvescan
yield remarkableinsight into theway in which problemsareac-
complished. In this sectionwe examinehow a problemmaybe
expressedasa graph. We thenusethe graphsto generatetheo-
reticalresultsconcerning problems.

Definition 9: Graphs,or taskmaps,arepictoralrepresentations
of problems.

Therearetwo maincomponentsof graphs:nodesandor-
deredpairs. Eachnoderepresentsoneatomicsubtask.We as-
sumethat therearefinitely many nodes. As a result,we may
uniquely label eachnode. Two atomicsubtasksrelatedto each
otherby somedependency aredesignatedon thegraphthrough
orderedpairs. Eachorderedpair representsone unidirectional
dependency. The numberof the node of the antecedent atomic
subtaskin a dependency servesas the domainvalue in the or-
deredpair; thenumberof thenodeof thedependentatomicsub-
taskserves as the rangevalue. Sinceeachorderedpair repre-
sentsonly a unidirectionaldependency, two orderedpairsmust
be designatedfor codependentatomicsubtasks.In the caseof
codependentnodes,oneorderedpair for eachdirectionmustbe
stated. Thus,with a list of orderedpairsand list of nodes,the
graphis well-defined.

Definition 10: Equivalentgraphsaregraphsthat,afterneces-



saryre-numbering, containthe samesetof nodesand identical
orderedpairs.

Swarminess,asit will bedefinedbelow, createsanequiva-
lencerelationonthesetof problemgraphs.All equivalentgraphs
belongto the sameequivalenceclasses,andthereforewill have
thesameswarminess;however, twographsthatproducethesame
swarminessarenot necessarilyequivalent. Identicalsetsof or-
deredpairs imply that thosegraphshave the samenumber of
atomicsubtasks andthateachcorrespondingatomicsubtaskhas
the samedependencies.In suchcases,thegraphscanbe called
equivalent.

3 Calculating Swarminess

In this section,we will definethe swarminessmeasure.This is
basedon threemain criterion. Thefirst, which is the minimum
simultaneity, is the smallestnumberof agentsthat canbe used
to completea problem,assumingthat no one agentmay work
on atomicsubtaskssimultaneously1. Consider, for instance,that
theproblemin questionhasaspecificnumberof atomicsubtasks
which mustbecarriedout simultaneously in orderfor theprob-
lemto beaccomplished. Then,assumingthateachof thesemust
bedoneby asingleagent,thismeansthattheproblemmusthave
at leastthis numberof agentsto accomplish theproblem.

3.1 Simultaneity

Definition 11: Minimumsimultaneityof a task( ��� ) is thesmall-
estnumber of agents thatmustbepresentfor a singletaskto be
accomplished.

Recallthatataskis atrackof atomicsubtasksthatarecon-
nectedto eachotherby somekind of dependency. Theminimum
simultaneityof a taskcanbefounddirectly from thegraph: it is
simply thenumber of atomicsubtasksin thelargestmicrotask.

Theorem 1 Linear taskshavea minimumsimultaneityof one.
Proof: A linear taskis anorderedlist of atomicsubtaskwhich
doesnotcontainany microtasks.Thereforeit cannothaveamin-
imum simultaneitygreaterthanone. �
Lemma 1 A single agent may be usedto accomplisha linear
task.Proof: Sincea lineartaskhasa minimumsimultaneityof
one,this meansthata singleagentmayaccomplisheachatomic
subtask.As a result,this singleagent, properlyequipped,may
accomplishall atomicsubtaskssequentially. �

As indicatedby Lemma1, any atomicsubtasksconnected
to each other by unidirectional dependenciescan be accom-
plishedusing the sameone agent. On the other hand, atomic
subtasksthatarecodependentwith eachothermustoccursimul-
taneously. As a result,morethanoneagentis required.There-
fore, minimum simultaneityof a problemis determinedsolely

1This is, of course,not the casefor people. As an example, if the
taskis to put down four rocksin the shapeof a square,a singleperson
can accomplish this, but the positions of eachof the rocks will affect
adjustmentsof thepositionsof each of theotherrocks.

from the microtasksin the different tasks. This is morerigor-
ouslyprovenin thenext theorem.

Definition 12: Minimumsimultaneityof a problem( ��� ) is the
minimum number of agentsthat mustbe presentfor a problem
to beaccomplished.

Theorem 2 ���
	���
��� � � (1)

Proof: Theminimum simultaneityis thenumber of agentsre-
quiredto accomplishtheentireproblem.Sinceeachtaskmaybe
donesequentially, thenumberof agentsrequiredis equalto that
requiredby the taskwith thegreatestnumberof agents.This is
themaximumamong� � . �

Minimum simultaneityof aproblemis thegreatestnumber
amongall of the minimum simultaneitiesof tasksin that prob-
lem. This numbersignifiesthe greatestminimum simultaneity
of all tasksin a problem,andthereforethe smallestnumberof
agentsnecessaryto accomplishthe problem. With this number
of agents,every taskis capableof beingfinished.Sinceall prob-
lemsaremadeupof oneor moretasks,accomplishingevery task
in a problemwould accomplishtheentireproblem.

Definition 14: Maximumsimultaneity( ��� ) is the maximum
numberof agentsthatcanbeworking on a givenproblemat the
sametime without interruptingeachother.

Maximum simultaneitycanbe calculatedfrom the mini-
mum simultaneityof all tasksin that problem. It is the sumof
all of the minimum simultaneitiesof tasks. This is significant
becauseit potentiallyallows for all tasksof the problemto be
solvedat thesametime. By addingtheminimumsimultaneities
of all taskstogether, we areensuringthat all of the tasks,and
theproblem,canbeaccomplishedat thesametime. In essence,
the maximumsimultaneityis the number of agentsthat will be
working when the largestmicrotaskof all tasksare being ac-
complishedat thesametime. This is expressed in thefollowing
theorem.

Theorem 3 � � 	 � � ��� (2)

3.2 Saturation

Saturation ( � ���
is ameasureof thevariancebetweenthenumber

of agentsrequiredfor differentpartsof a problem. This is im-
portantbecauseit givesanideaof how badlya problemrequires
a swarm. If theminimumsimultaneityis large,andmostof the
microtaskshave this largesimultaneity, thentheuseof a swarm
is verystronglyjustified.However, if mostmicrotasksuseavery
smallnumberof agents,thentheuseof a swarmis not strongly
justified,andalternativemethodsof achieving thetaskwithout a
swarmreasonably might besought.

Maximumsimultaneitymeasuresthenumberof agentsre-
quiredat thepeakof simultaneouswork. While thatnumberof



agentsmaybebeneficialin solving oneportionof theproblem,
it is possiblethat the remainderof theproblemdoesnot require
asmany agents. In this case,we saythatthesaturationvariance
is high,meaningthatcommunicationandsimultaneouswork do
not benefittheproblem,andtheneedfor a swarmdecreases.

Definition 15: Saturation of a problemis definedas� � 	
��������� ����� � ! �#"� � �$� � � � � (3)

where
� ��� � !

representsthe numberof atomicsubtasksin linear
step% , ���

representsthenumber of atomicsubtasksin theentire
task & , and ��� representsminimumsimultaneityof theproblem.')( �*,+ accountsfor therelativenumber of resourcesusedby
eachlinear step,by comparingthe number of agentsrequired
for eachlinearstep(

�-��� �
to theminimumnumber of agentsre-

quired for the entire problem( � � �/. '0( �')( gives a value to the
significanceof that task, % , ascompared to the entireproblem.
Therefore,our saturationvaluetakesinto account the resources
thatarebeingefficiently usedduring specifictimesof theprob-
lem.

In themostsaturatedproblem,all partsof theproblemre-
quirethesamenumberof agents,andsaturationis 1. Therefore,
thecloserthesaturationvalueof a problemis to 1, themorejus-
tifiable it is to utilize a swarm of the given size– thereis little
wastein termsof idle timeor interference.If thesaturationvalue
is too low, thenaswarmis notanacceptablemediumfor solving
thatproblem;too many agents areexpectedto be idle for much
of theproblem.Onepartof theproblemwill requirealargenum-
ber of agents,while otherpartsof it will requirevery few. The
remainingagentsthatarenever usedagainbecomewastesin re-
sourcesandmoney. Other, moreconventional waysof solving
theproblemarelikely to bepreferable.

3.3 Swarminess

Usingthevaluesfrom theprevioussections,we now candefine
thetermswarminess.

Definition 16: Swarminesscanbedefinedasa vectorfunction
of 3 components. 1��	 � ���324���524� � �

(4)

The first component accounts for minimum simultaneity
of a problem( �6� �

, the smallestnumberof agentsrequiredto
achieve a globalgoal.

The secondcomponent of the swarminessvector repre-
sentsmaximum simultaneityof a problem ( �6� ). �)� is the
maximumnumberof agentsthatcanbeappliedto aproblemand
canbe actingon separateatomicsubtaskssimultaneously. It is
possiblefor this numberto actonly on onespecificgroupof mi-
crotasks,or to beactivecontinually. In thelattercase,theswarm
is leastwasteful. A high ��� indicatesthat a large numberof
agentscanactat thesametime,pushingforwardtheglobalgoal.
On theotherhand, a low �6� indicatesthatonly a few may act
simultaneously. Thesmallernumberprovideslittl e incentive to

usea swarm. As we shall see,therearecasesin which � � is
infinite. In this case,thereis no upper bound on the numberof
agents.

The third component of this vector is the saturation,� �
.� �

representsthe variancein thenumber of agentsrequiredfor
eachstepof the problem. The saturationof a problemranges
from 0 to 1, with 1 being a stateof completesaturation. The
greaterthe saturation,the smallerthe varianceis, andthe more
similar different partsof the problemare in how many agents
they require. Therefore,as saturationof a problemincreases,
theswarminessof theproblemshouldalsoincrease,sincefewer
agentsandresourcesarebeingwasted.

Theuseof all threemeasuresprovidesimportantinforma-
tion aboutthenatureof the problem. If the problemhasa very
small � � 2 thenthis indicatesthattheproblemdoesnotnecessar-
ily needto besolvedwith aswarm.Ontheotherhand,ahigh � �
indicatesthata swarmis potentiallyanefficient choice.Finally,
a low � �

indicatesthat the useof a swarm might be inefficient
for mostof theproblem,while ahigh value(closeto 1) indicates
thata swarmwould bewell utilized.

In the next section,we will examinesomeof the differ-
ent typesof problems. We shall seethat thereare significant
differencesbetweenthe two main classesof problemsandthat
thesedifferencesleadto significantdifferencesin functionalap-
proaches.

4 Classes of Problems – Stigmergy and
Command

In this sectionwe examinetheconceptof stigmergy. Stigmergy
is animportantpartof swarmdesignof swarmsfrom puckclus-
teringsystemsto antcolony optimization.It is soimportantthat,
asweshallsee,therearetwo differentbroadclassesof problems.
Oneof theseclasseshasacomponentthatis stigmergic in nature,
andthe otherdoesnot. Theswarminessof thesetwo classesof
problemsworksout quitedifferently.

4.1 Command tasks

Webegin by definingnon-stigmergic tasks.

Definition 17: An environmental measurable is a measur-
ablequantitywhich is not directly controlledby anautonomous
agent,but maybeaffectedby behaviors of theagent.

An exampleof anenvironmentalmeasurable is theamount
of 798 " in theatmosphere. This is measurable, but not control-
labledirectlyby any agent. As aresult,it isn’t acharacteristicof
theagent,but rathereverythingbut theagent.

Definition 18: Theenvironment is thesetof all environmental
measurables.

Definition 19: Commandtasksarethosethatdo not communi-
cateusingtheenvironment asa communicationmedium.

Commandtasksaremadeup of atomictaskswhich com-
municatethrough their actions,as in constructionswarms, or



throughtheir agents,asin naturalswarms.Thenumberof com-
mandtasksin a swarmis definiteandpredetermined. Thenum-
berof agentsin eachcommand taskis alsodefiniteandpredeter-
mined.

Theorem 4 Swarminessis well-definedfor commandtasks.
Since � �

, ��� , and ��� areall well-defined,swarminessis well-
defined. � Proof: A linear task is an orderedlist of atomic

subtaskswhich doesnot containany microtasks. Thereforeit
cannothave a minimumsimultaneitygreaterthanone. �
4.2 Stigmergic Swarms

Definition 20: Stigmergic communicationisatypeof communi-
cationthatoccursindirectly amongtasksthroughmodifications
in theenvironment.

All previously consideredcommunication has been as-
sumedto be betweenthe atomic subtasksof a problem. In
stigmergic communication, however, information is exchanged
amongthetasksof theproblem.By definition,tasksareentirely
separatejobs that do not directly communicate.Any form of
communication betweentasks,therefore,occurs indirectly and
throughtheenvironment. In stigmergic communication,theac-
tionsof onetaskmodifiestheenvironment, which in turn affects
theactionsof theothertasks.

Definition 21: Stigmergic tasksaretasksthatutilize stigmergic
communiation.

Lemma 2 All swarmsare eithercommandor stigmergic.

Commandswarmsare thosethat have a definitely estab-
lishednumber of tasks. Stigmergic swarmsdo not have a def-
initely establishednumberof tasks; the numberof tasksin a
stigmergic swarm depends on the environment. Swarmseither
dependor donotdependontheenvironment.Therefore,swarms
areeithercommandor stigmergic.

Definition 22: Stigmergic graphsare mappings of problems
thatutilize stigmergic communication.

Stigmergic graphscontainnodes that depictenvironmen-
tal variables.Sincestigmergic communicationoccursbetweena
taskvariableandanenvironmental variable,thegraphsmustbe
updatedto allow for thistypeof communication.Weenhancethe
taskgraphs by giving the environmental variableits own node.
Stigmergic communicationis depictedusingcommunicationar-
rows betweenthe interdependenttasksandenvironmentalvari-
ablenode.Sincetheenvironmentfeedsbackinto thestigmergic
task,thestigmergic partof thegraphis cyclic. As a result,there
is no specificnumberof atomicsubtasks, but rathera specific
numberper cycle. We call eachcycle an iteration andindicate
the numberof iterationson the graph. We alsonote that each
cycle might beaccomplished by a singleagent,but theseagents
neednot bethesameduringeachcycle.

Therearetwo classesof stigmergic problems:definitestig-
mergic problems and stochasticstigmergic problems. Definite
stigmergic problemsarecomposedof subtasks thathave exactly
onepotentialoutcome. This meansthat whena subtaskis ac-
complished, thespecificoutcomeoccurs.Stochasticstigmergic
problemsareproblemsin whichoneof multipleoutcomesoccur.

Therearetwo waysthata swarm canupdatethe environ-
mentalvariables.Oneof thewaysis usingasynchronousupdate
andthesecond is usingasynchronousupdate. In thefirst mode,
environmentalvariablesareupdatedatoncefrom severalagents.
In the secondmode,environmental variablesareupdatedindi-
vidually via thedifferentagents. The first might happenwith a
computational swarmusinga singleserver housingall theenvi-
ronmentalmeasurables,while thesecondmight bedonein prac-
tice duringconstructionwork by, for example,ants.

Whena problemcontainsa stigmergic portion, it may be
thecasethatthetasksarestochasticin thesensethata taskmay
haveseveraldifferentpossibleoutcomes.In thiscase,eachagent
cancarryoutoneof many differentatomicsubtasks. Thismeans
that theeffect of eachagent’s behavior canberandom.We call
suchproblemsstochasticstigmergic problems. The ant colony
optimizationalgorithmsare examplesof stochasticstigmergic
problems.

In whatfollows, we assumethatall agentswork in a state
of having nomemoryof previousstates.Thismeansthatthesys-
temevolution is dictatedby thebehaviorsof theagentswhichare
themselvesdependentonly on thesystem’s currentstate.This is
notunreasonable,asit canbedemonstratedthatevenpeoplehave
a limited memoryof previousencounters,drawing muchof their
behavior from their interactionwith their environments.

In general,for stigmergic tasks,thebehaviorsof theagents
aredictatedin wholeor in partby thestateof theenvironmental
variables :�; �=< ')>�@?BA . If we assume,for simplicity, that

��C 	ED
thenthebehaviors of theagentsmaybeparametrizedasfollows:F 	HG ;G & 	
I C � ;J2#K A 2 .L.L. 2MK ' �

(5)

where K6� representsany othervariableuponwhich I C is depen-
dent.

Given that a task is stochastic,we can write the various
outcomesof thebehavior hasmany possibilities.I.e.F9N :�O � � ; � < '�@?PA .

(6)

Eachof theoutcomes may have a probabilityof occuring
of Q � F � � 	 Q � . (7)

In theeventthatthesystemupdatestheenvironmental vari-
ablessynchronouslyusing the behaviors of several agents,the
environmentalvariableswill updateaccordingto theequation

G ;G & 	 '� �R?BA I C � O � � ; � 2#K A 2 .L.L. 2SK ' � Q � � O � � ; �M��.
(8)

In the oppositeevent, that the systemdoesnot do syn-
chronous updating,the systemwill take on differing statesac-
cording to the probabilitiesgiven above. The systemwill then
becomedefinedby Markov statistics.



Thisdiscussionclarifiesthefollowing theorem.

Theorem 5 Supposea problemis a stochasticstigmergic prob-
lem. Given that the behaviors of the agents is a function of
theenvironmentalvariable ; , the large ensemblesolutionto the
stochastic stigmergic swarm is the solution to the differential
equationgivenin (8).

This is an extremely importantresult,as it indicatesthat
theoverallbehavior of theswarmcanbecalculated,perhapsnec-
essarilyvia numerical solution,by solvingthedifferentialequa-
tion given in (8). In contrast,no suchpredictive power exists
without theensemble.In thatcasethesystemevolvesrandomly.
Thoughonemay still make meaningfulstatementsabout what
might happen becauseof the relative probabilities, very little is
certain,asthe systemmay move in any oneof many directions
randomly.

Themainimportanceof thistheoremderivesfrom systems
in which therearemultiple attractors.In suchsystems,the be-
havior of the systemmay be predictedonly if thereis a way of
describinghow its constituentpartswill effect theoverallsystem
behavior, somethingthat is very difficult to do in a Markovian
system.While theoverall dynamicmight beto bring thesystem
to a desiredsystemattractor, whatmight actuallyhappenis that
therandomnessin thesystemmightbringthesystemto asecond
attractor.

An ensemblesystemis quite reproducible. The solution
to the differentialequationis well defined,andthusthe system
tendsto approximatethedesiredbehavior duringeachrun. This
would seemto be a desirablepropertyof an engineered swarm
system,andwould tend to indicateoneof the strengthsof the
swarm asopposedto a singleagent;a singleagentmight make
mistakesthat influencetheoverall behavior of thesystemwhile
an ensemblewill tend to producemoresimilar outcomeseach
time.

In the following theorem,we ignorethephysicalsizeand
structureof theswarmcomponents,andfocussimply on theac-
complishment of thetask.

Theorem 6 Themaximumnumberof subtasksin a stigmergic
problem cannot be determineda priori. Proof: This theo-
remmeansthatknowledge of thebehavior of theinteractionbe-
tweenthe environmental property T beingalteredandthe sub-
tasksaloneis not sufficient to predictthenumberof subtasksin
a stigmergic problem.

Let the environment have somemeasurableproperty, P.
Theglobalgoalof eachproblemis to modify thepropertysothat
it takesonadesiredstate.Eachdefinitesubtask,oncecompleted,
affectsa changein the propertythroughthe actionof somebe-
havior,

F
. UVT0� , thechangein propertyP, representsthechangein

theenvironment affectedby atask,i. Notethat UVT � is afunction
of P andb. Thebehavior carriedout by thesubtaskis a function
of the propertythat is affectedby that task. For example, UVT�W
is a function of PW andthe behavior of the next subtask. UVT6X
is the total changein the environment propertyP for the entire
problem. It is the sumof the changein propertyover time for
all subtasks.However, the numberof subtasks requiredto ac-
complishthis changein property T cannot be known without
calculationof thechangein thepropertyT ateachstepusingthe

valueof property T andthebehavior generatedby thesubtask.UVT X 	
� '�@?�Y UZT � � T �\[)A 2 F � (9)

In thecaseof thedefinitestigmergic problem,eachof theTB� is well-defined,thoughit cannot be determinedwithout cal-
culating,sequentially, eachT � from

F
andeachT �\[)A . In thecase

of the stochasticstigmergic swarm, equation(9) doesnot have
a well-definednumber

�
. T�X cannotany longerbecalculated.

However, givenamaximalnumberof steps,theaveragevalueofT X canbecalculatedusingthedistributionsof valuesthatcould
resultfrom thevariousoutcomesat eachstep.

Theseargumentscompletetheproof. �
This representsa stark break with the commandtasks.

Commandtaskscanbedefinedandpredicteda priori , but stig-
mergic taskscannot. Moreover, if the stigmergic task is made
up of stochasticsubtasks,thentherequiredtime to completethe
taskcannot beaccuratelydetermined.This is a problembecause
thismeansthatthestigmergic taskcannotbeplannedfor exactly,
andterminationof this taskmustoccurvia somecriterionmost
likely relatedto thevalueof T . This alsomeansthatprediction
of the final valueof T , if it is not previously known, cannotbe
donewithout accomplishingthetasks.

Stochasticstigmergic problems are significantly more
troublesomebecause, in addition to the lack of predictibility,
theseproblemshave moreunpredictable global outcomes. The
systemis likely to takearandomwalk throughstatespacerelated
to the stochasticnatureof eachsubtask.Thus,utilizing sucha
systemfor anything critical is difficult to justify.

In orderto improve thepredictibility of thestochasticstig-
mergic problems,onemight utilize a large numberof identical
subtaskswhoseinteractionswith the property T are are aver-
agedbefore T is updated.Sucha problemis calledanensemble
stigmergic problem. As a result,equation(9) becomes] UVT X0^ 	
� '�@?�Y U ] T � � T �\[)A 2 F � ^ (10)

Stigmergic problems have interestingproperties,particu-
larly if they containmultiplestigmergic parts.Onesuchproperty
is expressedin thenext theorem.

Theorem 7 The saturation of a stigmergic problem is the
weightedmeanof thesaturationsof thestigmergic tasks.Proof:
Recall that the saturationof a taskcanbe calculatedusing the
formula � � 	 D� � � � � �@?BA � "��� 2 (11)

where % representslinear steps,
�-���

represents the numberof
atomicsubtasksper linear step, � � representsthe minimal si-
multenaity, and

�9�
representsthe total number of atomicsub-

stasksin theproblem. Thusthis meansthat if we have _ tasks,
thesaturationmaybecalculatedas` �-acbd �fegh ?BA b` h� g �@?BA i d h� �Mj "

(12)

wherethe sumrunsover tasks. Supposethat several tasksare
stigmergic. Then this sum may be separatedinto two parts,a
stigmergic partanda non-stigmergic part.` � a bi/k eh ?BA d h� j lm eongh ?BA b` h� g�R?BA i d h�L� j "Pp egeon ?BA b` h� g�R?BA i d h��� j "/qr

(13)



s bi/k eh ?PA d h� j lm eongh ?BA g�@?PA d h�L� p egeon ?PA b` h� g�@?PA i d h��� j "/qrut
(14)

Let usassume,for simplicity thattherearetwo tasksin thetotal
problem.Beyondsome_ A , thetasksareassumedto becopiesof
thestigmergic task,asthesametaskis re-runsomelargenumber
of times. Let us assumethat this numberis

�wv
. Let us also

assume,for simplicity thattherearetwo tasksin theoverall task.
Then, _ A 	xD . Theequationthenbecomes` �-a by d A#z � p d " z �${3| b` A#z � g �@?PA y d A#z �L�/{ " p b` " z � g�@?PA y d " z ���S{ "/}

(15)a by d A#z � p d v d�~ z � {3| b` A#z � g�@?PA y d A#z ���S{ " p b` " z � g �R?BA y d v d�~ z �L� { "/}
(16)

where
� ~

is thenumberof linearstepsin eachstigmergic cycle.
Assumethat

�9v���� A#z � asis thecasefor moststigmergic tasks.
Thenthefirst termdropsoff to zeroand` �-� '0��� �R� n y '0� � ( � {��* � � + y ' n � (,� '0�S'0� � ( {a k �@?BA y d ~ z � � { "` " z � i ' n � (')� p d�~ z � j � k �@?PA y d ~ z � � { "` " z � d�~ z � t

(17)

Similar reasoningprevails for problemswith stigmergic and
non-stigmergic parts,yielding` �-� k��� ?PA i A*�� � + k �@?PA y d ~ � z ��� { " jk��� ?BA d ~ � z � a k��� ?PA d ~ � z � ` �k��� ?BA d ~ � z � t

(18)

Therefore,the arithmeticmeanof the saturationsof the
stigmergic tasksin aproblem,weightedin accordanceto thesize
of thetasks,is thesaturationof theentireswarm. �

Anotherpropertyof stigmergic tasksis thatoneof thevec-
tor componentsof the swarminessmeasureis infinite. In this
case,we considertheswarminessmeasureto beinfinite.

Theorem 8 Stigmergic tasksare “infinitely swarmy.” Proof:
To prove this theorem,we considerthe threecomponentsthat
we have establishedin our swarminessvector.

Maximumsimultaneity, ���52 of astigmergic task,givenno
externalbarriers,is infinity. We have establishedthat themaxi-
mumnumberof agentsthatcanbeappliedto astigmergic taskis
determinedby theenvironment. Sincethereis no predetermined
point at which thestigmergic taskis knownto becompleted,we
cannotsetanupper limit on thenumberof subtaskswhich must
be accomplished to completethe task, in general. As a result,
we arefreeto utilize anunboundednumber of subtasks.Hence,
we cansaythat themaximumsimultaneityof a stigmergic task,
the greatestnumber of agentsthat canbe appliedto a problem
without interferingwith eachother, is unbounded.

The minimum simultaneityof a problem, � � 2 of a stig-
mergic task is finite. Therefore,the lower bound for minimum
simultaneityof a problemis finite.

Becauseof this, we cannotpredict the exact saturation
( � � �

of a stigmergic swarm. We can,however, estimate� �
of

a stigmergic swarmto becloseenough to 1 thatthedifferenceis

negligible. A problembecomesincreasingly saturatedasmore
partsof the problemrequire the samenumberof agents. Al-
thoughtheremaybenon-stigmergic tasksin astigmergic swarm,
the number of cycling stigmergic taskswill greatlyoutnumber
the numberof non-stigmergic tasks. Becauseof the natureof
stigmergic tasksto repeat,we can assumethat the variancein
saturationdue to the non-stigmergic tasksis negligible. The
swarminessvectorfor stigmergic swarms,then,is1��	 �\� 24��2LD � (19)

where � is somefinite valueof �6� . �
4.3 Command Tasks

Commandtasksare tasksthat do not containstigmergic com-
ponents. As a result, there is no bidirectional interactionbe-
tweenthe task and the environment. Despitethis, many com-
mandtaskshaveemergentpropertiesandarethereforeof interest
to thegreaterswarmcommunity. Among swarmsthatcarryout
commandtasksareflocks,herds,shoals,formationsandthelike.
While it is understoodthattheseareswarms,theirnatureanddif-
ferencefrom stigmergic swarmsis still largely misunderstood.
This sectionwill elucidatesomeof the propertiesof command
tasksthatarecarriedout by flocksandthelike.

A spatially constrained swarm is a swarm in which the
centerof the swarm (or averagepositionof the agents)andthe
mostdistantagentaremaintainedbelow a particulardistance� .
A swarmmaintaininga formationis aswarmin whichtheneigh-
borsof eachagentdo not changefrequently;the time-averaged
setof positionsof neighbors of agentsremainsconstant,evenif
thespecificagentstakingthepositionsdo change.

It is clearthatthetaskundertakenby anagentin aspatially
constrainedswarmis to maintainits positionaccordingto anum-
berof differentcriterion. Thesemaybeextremelyrestricted,as
in a rigid formation,or very loose,asin a fluid anddynamically
changing swarm. However, as long asthe agentis constrained
within theswarm, it is undertakingthis onetask. The taskis in
continualcommunicationwith otherpositionaltasksundertaken
by otheragents.As a result,if

�
agentsarein theswarm,there

are
�

mutuallycommunicatingtasks.Thetaskmap,then,con-
sistsof a fully connectednetwork of

�
nodes. Fromthis map,it

is clearthat � � 	�� � 	 �
andthat � � 	fD . As a result,the

swarminessvectoris � � 2 � 2�D � , which is maximal. This proves
thefollowing theorem.

Theorem9 Flocks,herds,schools(of fish),andthelike, arecom-
mandswarmsbut maximalswarminess.

An easycorollary of this theoremconcerns the saturation
of spatiallyconstrainedswarms.

Corollary 1 � �
for all swarmsthat are flocks, herds, schools,

andthelike, therefore, is always1.0.

This is a directresultof thetheorem.



5 Discussionand concluding remarks

Previous work on swarmshave concentratedheavily on the en-
gineeringof swarmsandswarm emergence.While the field of
swarmengineeringhasseenmuchprogressin methodsof swarm
applications,thequestionof theusefulnessof swarmsin specific
situationshadnot beenasked until this paper. In this paper, we
studiedthe justificationfor the useof swarmsandformulateda
vectorequationthataddressesthequestion.

Our paper doesnot attemptto createa metricby which to
measureswarminess.It doesnotestablishboundsontheswarmi-
nessvector to indicatewhetheror not a problemshouldbe at-
tacked with a swarm. Instead,we evaluate the propertiesmost
essentialto thedefinitionandcharacteristicof a swarm.We rec-
ognizethateachproblem-solver hasa uniqueandspecificsitua-
tion according to which heor shemustdecidewhetherto apply
a swarm. Suchfactorsmayincludelimitationson time, technol-
ogy, monetaryresources,etc. By providing equationsby which
to calculateminimumsimultaneity, maximumsimultaneity, and
saturation,we give theuserthechoiceto decidewhatproperties
arethemostimportantin their decisionto applya swarm.

Overall,we have establishedthattheconnectionsbetween
thetasksandsubtaskswithin theproblemaretheprimaryindica-
torsof theusefulnessof a swarmfor thatproblem.Theconnec-
tions betweensubtasksindicatecommunication, and therefore,
minimumsimultaneity, maximumsimultaneity, andsaturation.

Our methodof analyzingproblemsis unique in that we
considerthe tasksof problemsto determinetheappropriateness
of aswarm.Weestablishtwo typesof tasks,command tasksand
stigmergic tasks.If thetaskis command,theoutcomeof thetask
is generallypredictable,but it mayor maynot lenditself conve-
nientyto swarms(i.e.,construction).If thetaskis stigmergic, the
outcomeof the taskis generallya randomwalk (i.e., ant TSP),
but it is naturallyswarmy. Moreover, this randomwalk canbe
mitigatedthroughcareful applicationof ensemble updating in
theplaceof asynchronousupdating.

Commandtaskshave varying levels of swarminess,de-
pendingon the specifictask. The only exception to that gen-
eralizationis a commandtaskin which oneor moremicrotasks
make up themajority of thetask.A command taskwith a heavy
concentrationof codependentatomicsubtasksrequirescommu-
nicatingandsimultaneously working agents,which is character-
istic of a swarm. This realizationled us to a conclusionabout
flocks,herds,schools,andthelike.

Using the swarminessvector, we showed that problems
suchasthecoordinatedmovementof flocks,herds,andschools
of fish,havemaximalswarminess.Theindividual animalsthem-
selvesact asboth agentsandsubtasksin theseproblems. Fur-
thermore,all of theanimalsin aflock, herd,or school mustcom-
municatewith eachother; the problem,therefore,is one large
microtask. Since thosesubtasksin the one microtaskare the
only subtasksin the problem, � � 	H� � 	 �

, the number of
agents,and � � 	ZD .

The secondtype of tasks,stigmergic tasks,are infinitely
swarmy, asproved in the paper. The natureof stigmergic tasks
naturally lend thesetasksto useby swarms. This paperalso
makesspecificreferenceto theTraveling SalesmanProblemfor
ants(antTSP)in termsof swarminessof stigmergic tasks.The
ant TSP clearly utilizes stochasticstigmergic communication;

the taskscommunicate via the environment, which is updated
asynchronously, after every iteration. We have proven that the
antTSP, like any otherstochasticstigmergic problem,inevitably
resultsin a randomwalk. The only way to solve a stigmergic
problemandproduceaccurateandreproducableresultsis to up-
datethe environment synchronously. In synchronousupdating,
theenvironment is updatedasa resultof theoutcomeof several
iterations. The update to the environment is an averageof the
resultof thetaskscompletedby severalagents.Sincetheresults
areaveragedbeforemaking an effect on the environment, that
effect is lesslikely to producea randomwalk on the environ-
ment. Essentially, the more synchronously the environment is
updatedin a stigmergic problem,themorelikely theproblemis
to producea reliableresult.

Stochasticstigmergic problemssuchas the ant TSP are
commonin swarmengineering.Thispaperhasproved,however,
that resultsfrom stochasticstigmergic problemsareunreliable.
In order to ensurethat problemssuchas the ant TSPwill pro-
ducemorereliableresults,stigmergic problemsmustbe solved
with synchronousupdates.

This paperindicatesthat ant colony optimizationof TSP
will producemorereproducible behavior if the environment is
updatedsynchronously. Furtherstudieswill morethoroughly in-
vestigatethis by simulatingandcolony optimizationwith both
asynchronousand synchronousupdates.The resultsof sucha
studymight have wide rangingimplicationsfor theswarmengi-
neeringcommunity.

Recentswarm literaturehasput much focuson applying
swarmsto constructionproblems.Sinceit iswidely assumedthat
constructionreadily lendsitself to swarms,it will alsobe inter-
estingto investigateconstructionproblemswith our swarminess
vector. Futurestudieswill furtherexploreconstructionproblems
anddeterminewhich kind of constructionproblems,if any, are
readilyswarmy.

References

[1] R. Beckers,O. Holland,andJ.Deneubourg. Fromlocal ac-
tionsto global tasks:stigmergy andcollectiverobotics. Pro-
ceedingsof the Fourth Inter national Workshop on the
Synthesisand Simulation of Li ving Systems, MIT Press,
1994.

[2] M. Dorigo, E. Bonabeau, G. Therauluz.Ant algorithms
andstigmergy. FutureGenerationComputer Systems(16),
851-871,2000.

[3] M. Dorigo,L.M. Gambardella. Ant Coloniesfor theTravel-
ing SalesmanProblem. TechnicalReportTR/IRIDIA/1996-3,
IRIDIA, UniversitéLibre deBruxelles,BioSystems.

[4] A. Hayes.Self-OrganizedRoboticSystemDesignand Au-
tonomous Odor Localization. Ph.D. Thesis,CaliforniaInsti-
tuteof Technology, 2000.

[5] S.Kazadi,P. Kim, J.S.Lee,J.Lee.SwarmEconomics. Pro-
ceedingsof the World Congresson Engineeringand Com-
puter Science2007, SanFrancisco,California,USA, Octo-
ber24-26, pp.602-610, 2007.

[6] S. Kazadi,J. R. Lee,andJ. Lee.Artificial Physics,Swarm
Engineering, and the Hamiltonian Method. Proceedingsof



World Congresson Engineering and Computer Science
2007, SanFrancisco,California,USA,October24-26, p.623-
632,2007.

[7] S.Kazadi,A. Abdul-Khaliq, andR. Goodman.On thecon-
vergenceof a puck clusteringsystem. AutonomousRobots,
38 (2), pp.93-117, 2002.

[8] S.Kazadi.SwarmEngineering. Ph.D.Thesis,CaliforniaIn-
stituteof Technology, 2000.

[9] Y. TeradaandS. Murata.Automaticassemblysystemfor a
large-scale modular structure: hardware designof module
and assemblerrobot. Proceedingsof IROS 2004, Sendai,
Japan,pp.2349-2355,2004.

[10] J.Wawerla,G. Sukhatme,andM. Materic.Collectivecon-
struction with multiple robots. Proceedingsof IROS 2002.
Lausanne, Switzerland,2002.


