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Abstract

Puck clustering involves the physical relocation of small objects known as pucks from ran om posi
tions to a central location which nee not be speci e he evolution of systems of clusters of
pucks un er the action of robots capable of moving pucks from several locations is consi ere general
set of con itions by which a puck collection system may be seen to evolve to a one cluster system is e
velope eneral con itions lea ing to clustering behavior in the presence an absence of non embo ie
agents are erive on itions lea ing to more e cient algorithms are also erive everal e amples
are given to illustrate both non embo ie an embo ie puck clustering systems

s arm engineering, puck clustering

is a decentrali ed action taken by one or more agents in hich ob ects, hich are originally
arranged in one or more groupings, are manipulated into a predetermined number of clusters of predetermined
si e. This, of course, is easily accomplished using rather ell-e uipped agents hich have a relatively accurate
global picture of the system. o ever, accomplishing this ith simple robots ith a partial and, in most
cases, e tremely limited kno ledge of the system is a rather daunting task on the face of it. The di culty
comes from predicting the detailed behavior of the group of robots and its comple interaction ith the
elements of the system. In general, this is an unsolved problem. o ever, solutions to this problem in even
cases of some hat restricted comple ity can yield behaviors of rather signi cant interest, and may lead to
methods of accomplishing more interesting behaviors, such as construction behaviors.

Puck clustering teams are e amples of groups of robots arising from ork done in the realm of minimalist
design using robot groups and simple actuators and sensors 7 . These systems consist of robots hich have
very simple controllers including a small amount of memory if any at all and rigid hierarchical controllers.
Proposed initially by rooks 3, this vie has gained increasing support as ever more interesting systems
are designed using robots of this design paradigm. The allure of these systems stems from the ability to use
very simple robots to achieve comple tasks and obtain behavior that is similar to some intelligent behavior.

Initial biological studies of insect systems 6 8 indicated that ants and termites are creatures hich
utili e rather rigid and simple behaviors and carry out some hat simple algorithms. espite the fact that the
behaviors utili ed by ants and termites can be e tremely rigid, their nests can be e tremely e cient, e ible,
and adaptive. ork on systems designed to take advantage of this ne ly discovered emergent property of
systems of rigid agents has uncovered interesting design paradigms governing possible construction techni ues
and optimal resource e ploitation algorithms 2 5 11. These studies indicated that simple rules and



stigmergic actions ere all that ere re uired for the construction of comple structures. This formed some
of the motivation behind the robotic test cases in hich the rst construction task puck clustering is
undertaken.

One of the earliest attempts to design puck clustering robots came from eckers et. al. 1. In this
study, a group of robots is e uipped ith a curved passive gripper in the front of the robot. This gripper is
capable of capturing pucks and holding them as the robot moves. hen three or more are being pushed
by the gripper, it triggers a backup motion, hich leaves the pucks here they are. The long time behavior
of such a system produces a single cluster containing all pucks not pushed by the robot. Average simulations
of three robots take ust over an hour and a half to complete. In the nal stable state, a single cluster is
formed. The system is capable of forming the same stable end state ith only one robot, but this takes a
concommittant longer time.

Maris and oekhorst 9 present a system that is similar to that of eckerset. al. o ever, in this study,
the robots do not have grippers, and so cannot recover pucks that have been pushed to a boundary. In this
system, pucks are pushed until a barrier  hich may be another puck is encountered, at hich time the puck
is left behind and the robot turns and goes in another direction. Once a cluster is big enough it becomes
stable, as the robot cannot any longer approach the cluster and take o pucks. In this study, many clusters
of si e oneort o ere created near the boundaries, though other larger clusters ere found in the interior
of the arena. There as no global cluster formed, though one or t o large ones ere typically formed.

The main limitation of these studies is the lack of applicability. Once e understand ho these systems

ork, there is no indication that our understanding can be directly applied to other related systems. Inves-
tigation of the ne systems re uire as much e ort after the initial investigation as it ould have ithout
the investigation. This is a serious detriment to our design capabilities, and ould seem to relegate these
studies to the realm of anecdotal evidence on the same level as that obtained by insect studies.

In this paper, e take a rst step in developing a general theory of clustering and construction systems.

e develop a formalism for clustering systems based rst on hat e call . This formalism
generates a condition hich must be satis ed in order for clustering to occur. Once this has been accom-
plished, e develop a second formalism that is appropriate for real physical systems. This yields another
condition hich turns out to be identical to the rst condition. Once this has been accomplished, e es-
tablish methods of e amining the e ciency of di ering designs. Ne t, e e amine the uestion of ho to
actually build robot systems that generate the desired global behavior, and e amine t o e isting designs
from the literature. inally, e take a closer look at the condition developed early on and demonstrate ho
alterations of this condition can lead to more interesting clustering systems ith clusters of di ering and
predetermined si es. The last ection o ers a fe concluding remarks.

efore attacking the general problem of building physical robots capable of moving in a real environment
and carrying out the clustering task, e consider the rather trivial problem of determining the conditions
under hich e might e pect , robots hose properties cannot possibly be commensurate
ith a physical implementation, to create a single cluster of pucks. or this purpose e can then consider
clusters to be nothing more than large collections of pucks ith no physical form or implementation. e also
consider the robots to be nothing more than agents capable of picking up, carrying, and depositing pucks.
The robot need not have physical form, and its interaction ith the cluster need not have physical meaning.
e approach the problem in this ay for a rather simple reason. Many constraints are placed on
realistic robotics by embodiment. o ever, at the simplest level, puck clustering need not be restricted to
embodied robots, and the general theory might nd applications else here. Therefore, e begin ith the
simplest system, and dra conclusions about the simplest conditions re uired for clustering to occur. In
later sections, e ill discuss the implications of embodiment and ho one might connect this general theory



to real physical robots.
or the purposes of this ection, e assume that the system may be appro imated by an iterative process
hereby at each interval in time each robot interacts ith a randomly chosen cluster. The cluster chosen
ill have some number of pucks contained ithin, and the robot s interaction ill depend on hether or not
it is currently carrying a puck. At each iteration, each robot randomly chooses a cluster to interact ith,
carries out its interaction, and then aits for all other robots to interact.

e consider a system of t o clusters ; and 2 and robots. e assume that cluster ; contains ; pucks
and that cluster  contains 4 pucks. The robots, as discussed above, have no particular physical structure
or rules of motion. Rather they can interact ith either of the clusters at ill. This allo s us to think of
the robots as a medium in hich the clusters e ist.
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The previous subsection demonstrated the conditions under hich the agents might be e pected to create a
single cluster as a result of their interactions itht o clusters. This re uired the agents to have interactions
ith the clusters that ere characteri ed by a strictly monotonically decreasing function of the number of
clusters. In this sub-section, e e tend these results to multiple clusters.
Again, the puck cluster system is as de ned above. The uestion of hether or not a particular cluster
ill shrink or gro depends on its interaction ith the other clusters hich may absorb evaporated pucks,
as ell as produce free pucks hich may be collected by the cluster in uestion. This problem may be
approached by deriving conditions under hich any given cluster ill monotonically decrease in si e.
The density of pucks in the transport media is again assumed to be stationary. e consider the robots
to be the same automatons as in the last sub-section. Then it must be that for the various clusters,
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This gives
15
hich leads to the e uation
_ 16
The rate of change in the si e of the cluster ill be negative provided
hich leads to the condition that
17
here is the e ective cluster of si e e uivalent to the interactions of all clusters other than

In general, the determination of the e ective rate must depend on the number of clusters and their relative
si es as ell as, eventually, their accessibility to the cluster in uestion .



Condition is some hat ambiguous, as it is not clear that is actually smaller than any given
. This is some hat unsatisfying, so e consider the fate of the smallest cluster. Recall that if is a

monotonically decreasing function of cluster si e then, for 1 2
2 1 1 2 18
If is the smallest cluster then
19
umming over all it follo s that
20
Rearranging, e nd that
21
hich is the condition for
S 22

Thus, irrespective of the forms of and , the time averaged behavior of the smallest cluster ill be to
decrease in si e, as long as  is monotonically decreasing.

It is interesting to ask about the average number of robots carrying occupancy of the robots in a more rigorous
ay. Previously, e assumed that the number of pucks being carried by the s arm as appro imately
constant. No e ask ust ho realistic this assumption is, and hat its e ect is on the evolution of the
system.
irst, e consider the casein hich our s arm is interacting ith a single cluster. In this case, the cluster
has some number of pucks, hich e ill denote as . If e again de ne the number of agents as  and
the number of agents carrying pucks as then e uation 1 gives us

In e uilibrium, this ill be ero, hich gives us

23
olving for gives
1 2
Thus, if is a monotonically decreasing function, so toois . o ever, since must only be monotonically
decreasing the e tent to hich changes is limited. If then . o ever, if then
. In both cases, the variation in the number of pucks held by agents is small.
In order to have a rmer understanding of the link bet een and , e note that
S 25



Again, e can see that if then the variation of given by

— - 26
is uite small. o ever, if then
 — — 27
hich is also uite small. Interestingly, since — for puck clustering systems, e may e pect that the
number of pucks carried by robots is also a monotonically decreasing number.
uppose that e havet o cross sections and given by
and 28
These together give us that
29
e may use this in our e pression of . e have in a discrete model
30

In igure 2.3.1, e plot the prediction of this model and the measured occupancy of the robots for a
nonembodied single cluster system ith a varying number of pucks and robots.
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This section has considered the totally unrealistic system of robots and clusters in  hich robots are considered
to be agents hich have the capability to randomly choose clusters and interact ith them. The robots
interactions are dictated by their state hich consists entirely of hether or not the robots are carrying a
puck. The interactions depend only on hether or not the robot ill change its state, hence picking up or
dropping o a puck depending on its estimate of the state of the cluster. In the highest abstraction, this
system accurately describes a puck clustering system. The details of the interaction such as the e istence
of a boundary, interference of other robots, inaccessibility of parts of clusters, etc., ould seem to be part
of the interaction. Thus, ithout making any speci ¢ predictions of a single system, e assert that the
interactions, hich generally must include these other concerns, are likely to re uire compliance ith the
same re uirements as the interactions in this ection.

In the ne t ection, e consider the more rigid uestion of systems in hich robots may not freely move
about. e consider the behavior and interaction of the pucks moving about in the medium under the
in uence of robots, and pucks currently captured by clusters. This ill lead to a ne set of conditions,

hich are comparable to those discovered in this system.

In the last ection, e derived the general condition re uired for the interaction bet een a group of proba-
bilistic agents and groups of unde ned items called pucks to generate a single group of pucks. That solution
as based on the assumption that the automatons had access to all the pucks in the cluster and access to
all clusters. That assumption, of course, is not valid in real systems. Real robots cannot gain access to all
the pucks in a given cluster, nor can they reach each cluster at ill. In this ection, e derive the condition
under hich a set of clusters under the in uence of one or more robots ill monotonically move to a single
cluster.
In a realistic e periment, robots are physically limited by the closed arenas in hich they operate .
o ever, unless speci ¢ behavior is created hich predisposes the motion of the agents to a given area of the
arena, e may e pect that the time-averaged density of robots in noncluster space is essentially constant.
This means that on average, the robots themselves are not particularly interesting as their motion could
very ell be described by a natural gas-like condition. e e pect this to be true no matter the con guration
of pucks, provided that the con guration of pucks did not restrict accessibility of the robots to areas of the
arena . Thus, e concentrate on the motions of the pucks rather than that of the robots. This vie relegates
the robots to the role of part of the environment rather than an active part of the system. e are then
interested in the time-averaged evolution of the system of pucks under the in uence of the robot-enhanced
environment.
T o assumptions are made.

1. The average density of robots in the arena is constant.




2. Aside from the evaporation and condensation of pucks from onto a cluster, the behavior of pucks
under the action of the robots ill become, on average, e ually dispersed throughout the space.

e consider the ability of the system to cluster under these assumptions.

Let s s itch gears for a moment. e look at a system out of e uilibrium in hich there are a larger
number of robots in one part of the arena carrying pucks than in any other area. In this case, e have a
space in hich there e ists a gradient of puck density. In the simplest of cases, this gradient is linear in
some direction . If e denote the distance along this a is by ,then e ould assume that the density is
a function of | . e may assume that is monotonically increasing from one end of the arena to the
other. It is interesting to understand hat might happen here.

Recall that, all other things remaining e ual, it may be assumed that the natural tendency is that the
average density of moving pucks ill become constant.  hat this means is that there ill be a net o
of pucks from high density areas to lo density areas. This ill tend to happen irrespective of any other
considerations. o ever, this means that in order to sustain the density gradient, there must be a puck sink
at the lo density area of the arena. This means that there may only be a sustained gradient if there is a
net o of pucks from the high density area to the lo density area.

The opposite uestion is also important  hat is the re uirement for anet o of pucks from one area of
the arena to the other If e do not let the robots e change pucks, this means that a single robot carrying a
puck must move from one region and drop it o in the other region. If the total density of robots is constant,
this means that the number of empty robots on the lo density side ill be larger than that on the high
density side. The end result is that a density gradient ill occur and be maintained. This is an important
conse uence.

In general, the rate of change of the si e of a particular cluster, then, depends on t o things. The rst is
the number of carriers interacting ith the cluster. The second is the nature of the interaction of a carrier
ith the cluster in uestion. The rate of change of the si e of a single cluster may be ritten as

—L 1 1 31

here the local density of empty robots  and of robots carrying pucks  are functions of position and
time. In this e uation, the functions and  are analogous to previous functions, but no include the
geometric properties of the arena and cluster position s .
If ehavet o clusters, then the system is described by

— 2 2 2 2 33

If again, e assume that the number of pucks in the medium is stationary then e have that



or
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In general, the density of carriers is not constant throughout the region. o ever, if e consider only
the density of robots in the arena, either empty or lled, if follo s that this density is, on average, constant.
If elet denote the time-averaged density of robots in the arena, and and  denote the time averaged
local densities of empty and full robots, respectively, then

36

e assume that e are orking in a state of dynamic e uilibrium, in hich the local density of empty
carriers and of full carriers is appro imately constant. This means that even though there may be a net o
of pucks bet een clusters in the system e no consider, e assume that the local densities of the carriers
carrying pucks and of empty carriers are remaining constant.

The ay that the clusters evolve depends on the e uilibrium states. In general, the system ill behave
in such a ay as to move to ard the e uilibrium states of the individual clusters. The interaction bet een
clusters ill occur through the robot media, and there ill be t o competing tendencies. The rst tendency

ill be to have time averaged densities of robots become e ual throughout the space. The second ill be
the tendency of robots nearby clusters to remove or put do n pucks, moving the local densities to ard the
e uilibrium state of the cluster. e ill derive the follo ing e uilibrium densities in ection 3.2, as it is a
signi cant aside from our current discussion. or no , e state ithout proof that the e uilibrium relations
for a single cluster are

and _— 37
Then, if e denote the local densities around cluster one by and , ith analogous e pressions for
cluster t o, substituting e uation into e uation ,
1 1 2 2 38
This can be rearranged to read
2 1 2 2 39
1 1
This ill be smaller than i
2 1 2 2 1 1 0
1 1 2 2 L 2 2 1
2 1 2
giving
2 1 1 2 2
or
2 1 3
2 1

This is the same condition found above for the case of the perfectly mi ing robots. That is, if the ratio

— is monotonically decreasing, then the e uilibrium density around larger clusters ill be smaller than
that around smaller clusters. being smaller than ould seem to indicate that there are fe er robots
carrying pucks nearby cluster one than nearby cluster t o. This indicates that the robots are more successful

10



in removing pucks from cluster t o than from cluster one, and more successful in depositing pucks on cluster
one than on cluster t o. In this case, cluster one ill tend to gro hile cluster t o tends to decrease.
Moreover, there 1ill be a net o of pucks from cluster t o to one. Put another ay, this indicates that
under the action of the robots, the smaller clusters ill pump pucks into the media trying to reach their
e uilibrium, hile the larger clusters ill absorb these pucks, trying to reach their smaller puck or full carrier
e uilibrium.

Note that the relative density of empty or full carriers is a function of the design of the robot and the
number of pucks in the cluster, as ell as the cluster s detailed characteristics eg. its geometry . Thus,
as long as the design of a robotic system tends to create lo er e uilibrium densities of pucks around larger
clusters, the larger of t o clusters ill tend to monotonically increase in si e on average.

Perhaps most importantly, this result is easily generali able to the multiple cluster regime. The minimum
condition re uired is that the local density of robots carrying pucks induced by the cluster is a monotonically
decreasing function of cluster si e. Thus, nearby any given small cluster, the density ill increase over that
closer to larger clusters. Moreover, the smallest cluster ill have the highest e uilibrium density, and therefore
can be seen to monotonically decrease in si e, as in the previous section.

Mathematically, this can be sho n as follo s. uppose that cluster is the smallest cluster in the system,
and that there are clusters. Then e have

for all . Then, e have

or that

hich indicates that the e ective cluster built from the detailed design of the other clusters tends to absorb
pucks from the smallest cluster, mirroring our previous investigation of this topic.
Of course, the is another matter. This result does not help us to understand hether or not
the system ill uickly approach the desired e uilibrium state. e return to this point in ection

In , the e uilibrium densities of empty and full robots around a cluster of a given si e and interaction
dynamic ere stated ithout proof. This subsection is devoted to deriving these relations.
e assume that e have a single cluster located in a container of some kind. The robots interact ith
the cluster according to the previously-de ned functions and , and may carry at most one puck at a
time. e assume that there is no sink or source either of robots or of pucks.
In order for a cluster to be in e uilibrium ith a robotic or other medium, it must be that

7

here and represent the likelihood of a deposit of a puck to and the likelihood for the removal of a
puck from a cluster of si e . If then

11



Thus

These results may be re ritten as

— and _— 50

In the event that — is a monotonically decreasing function of , the evolution of pucks from a given cluster
ill decrease as its si e increases. The e uilibrium density surrounding a large cluster ill be smaller than

that around a small cluster. Thus, the pucks ill collect into a single cluster as long as this condition is met.
appily, this is identical to our previous result, though it no contains no restrictions.

o far, ehave investigated the uestion of hether or not a single cluster ill form at all. This is compelling

ork to be sure, but not completely satisfying to the engineer. The main uestion to an engineer, after
veri cation that the algorithm ill ork eventually, is ho to increase the speed of an algorithm. In this

ection, e discuss methods of providing algorithms that are at once capable of carrying out the task and
of carrying it out e ciently.

In general the net transport bet een t o clusters of di ering si es is an increasing function of the di erence
bet een their si es. That is, if the di erence bet een the si es of t o clusters is then e e pect the rate
of transfer of pucks from one cluster to the other ill be an increasing function of . Mathematically, this
may be e pressed as

— 51

here represents the puck u around the smaller cluster.
uppose that ehavet o functions, say and corresponding tot o di erent interaction schemes
of simple puck collecting robots. Then around cluster 1, the scheme A ill have an e uilibrium density of
empty carriers given by

1 1 1 1 1 1

hile near cluster t o, the e uilibrium density ill be given by

\ 2 \ 2 2 53
2 2 2 2 2 2
Thus, e nd that
5
1 2
and
55
1 2
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here 2 1 - Thus, if the transport of one algorithm characteri ed by is greater than

that of another characteri ed by , e must have that
56
1 2 1 2
or that
1 2 57
1 2

Of course, this is dependant on both strategies using the same techni ue for moving pucks around the arena.
Any change in basic strategy ould change the formalism above.
uppose rst that

e ish to nd the minimal condition on the function hich creates a second function that is less
e cient than . No , e may assume ithout a loss of generality that 1 . This gives us
2 58
2 2 2
ince 2 , e have that
2 2 2 59
2
2 2 60
2
2 2 61

hich leads us to

2 62
2
or more simply that
2 63
Thus, if e have t o functions and , the latter ill be less e cient if e simply have
6
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of si e 2, respectively. These induce densities in e uilibrium of

1 and 2 69
1 2
No , e assume that the o of pucks is linearly dependent on the rate of change of the density of pucks.
That is,
- _ — S 70

here is some proportionality constant associated ith instein di usion. If the cluster is much larger
than the number of robots, this is appro imately constant o . This gives

— — 71

The net o from any area is a constant , assuming that no pucks are allo ed to collect in any area of the
arena. olutions to this di erential e uation are

1 72

Assuming that both clusters are on the , e may deduce that
2 1 73
Moreover, if the clusters are located ithin a bounded arena, e may conclude that , or that there is

no gradient along the direction perpendicular to the radii connecting the clusters. Thus, e have

2 1 , 7
giving
2 1 75
Clearly, if
1 1 2 2
2 1 2 1 76

here | represents the induced density at cluster one for scheme one, ? represents the same for control

scheme 2, and so on. Thus, as long as this di erence is larger, for scheme t o, then the induced o is
larger. The rest of our conclusions from above follo  uite nicely.

In this ection, e investigate several forms of . e illustrate that these forms have the predicted behaviors
in both the pair of cluster cases and the multiple cluster cases. e provide e perimental evidence to support
our appro imation of the amount of variability in the number of pucks held by robots.

15



In this section, e e amine the behavior of a aphysical puck-agent system. The system is that described
in ection 2 in hich the agents randomly choose clusters from hich to take pucks or to hich to deposit
pucks. The cluster in uestion is altered as described in ection 2. e choose a particularly simple form for

and in order to illustrate the long term behavior of the system in three di erent regimes. These regimes
of behavior are characteri ed by a monotonically decreasing , a constant , and a monotonically increasing

Assume that and have the form

77
78
here , ,and are some constants. Then,
79
Thus the cluster gro th condition holds if ,in hich case is monotonically decreasing. hen ,
is constant . If , is monotonically increasing.

igures 5.1.1-5.1.3 present the results of simulations done in the non-embodied model on a number of
clusters initiali ed ith non ero si es. ach of these simulations employs 50 robots, and the model is as
given above, ith various values for and . ach one runs to completion if clustering occurs or for a small
number of steps, allo ing the outcome to be clearly ascertained.
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The long term behavior of physical robotic systems are di cult to predict in general because of the tight
coupling bet een the emergent properties of the system in  hich the robot behaves and the behaviors of
the robots. Many behaviors can be generated hich produce structures that are interesting and hich later
in uence the behaviors, in turn changing the structure. This can be e tremely di cult to predict. There is
as of yet no general theory hich indicates ho a comple dynamic system ill evolve. This ould seem to
be a serious problem hen attempting to develop a theory of s arm-based behavior.

Rather than attempt to solve this problem, e focus on a fe behaviors that ould seem to avoid this
problem by design. These behaviors may be characteri ed as rotationally symmetric in that their behavior

hen approaching a circular cluster from any given side is identical. Moreover, these behaviors ould seem
to be designed to restore a cluster to appro imately circular shape hen the shape deviates from circular.

ecause of these properties, more completely addressed else here, e may vie the clusters as appro imately
circular in the follo ing analyses.

In many di erent robotic systems puck deposit or removal are decided based on the same criterion. If
the criterion is met then the robot ill remove a puck. Other ise, it ill not. Moreover, if it is not, the
robot ill deposit a puck if it is carrying one. IIll this case, e may rite and and

r 1 1
Recall that must be a monotonically decreasing function of the number of pucks in order for the clusters to
converge to a single cluster. This means that must be a monotonically increasing function of the number
of pucks in the cluster in order for the system to evolve to a single cluster state. Note that since cannot
be negative, must be smaller than . Moreover, as is a unitless number, so too must be.

Puck-dependencies of gand p

3162

2846

2530

214

1898

158

1266
p

317 +

L e T S A B S
1o A W 4 S0 60 0 %0 %0 100

Number of pucks




eld, the cluster may be classi ed as large. If ho ever, the cluster does not 1l a su cient region of the
visual eld, it may be classi ed as small. The situation is illustrated in igure 5.2.2.

Puck Cluster

e assume that the visual eld of the robot subtends an angle denoted by . In this model a robot ill
only deposit a puck if the direction of the robot is such that the cone falls completely ithin the cluster
and it is currently carrying a puck. If the cone only falls partly ithin the cluster then the robot, if it is
able, ill remove a puck. It follo s therefore that the range of approach angles for removal and deposit sum
to the total angle of interaction of the robots cone , here is the interaction angle and
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Evaluation of End Cluster (case 1)
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Evaluation of End Cluster (case 2)
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Differing Cluster Sizes (case 1)
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Differing Cluster Sizes (case 3)
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Differing Cluster Sizes (case 3)
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Evolution of Two Cluster System under Robot Swarm
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