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SWARM ECONOMICS
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1. Introduction
i4jMk=lgk=m$nojqp6rsp6t/uPmvpvw�x/uynzl|{guPx/uPlRt6}zrh~sn���jP�|}zt�t/k��|x/uM~snojPt�w�lg~f~snzx/uMjPt�~s�gu

nzl�}Qw�x6�cu)��w�x6t8t/k�t6{gu7lgk=l|}znzlgu(w�x%l�w�t6�|x/u)k��Ut6{gu)p6r\p/t/uPm��Y�.nz�cu7mvkJp6tAjMk=m$�|}ou!�
p6r\p/t/uPmvp(��p6m�w�}z}L�=w�x6nQw�t6nok=lgpAnzl�t6{gu$w=jPt6nz�\nzt
r�k��Ww�p6nzl|�J}ou���uP{�wM�\nok=xDk=x>j/{�w�x�w=j!�
t/uPx6nop6t6noj;k��4w�lIryt6{gu7��w�x6t/pYk��Ut6{gu7p6rsp6t/uPm�j(w�l�{�w(�cu;�cuPx6ry}Qw�x6�cu7u!��uMjPt/p8nzl�t6{gu
� {gk=}ouJ�7�%pDw�x/uMp6�|}zt(�.m;�gj�{�k���uMjMk=lgk=m$nojvt6{guMk=x6rqnzlRt/uPlg~|uM~�t/k�u!�\�|}Qw�nzl � {�w�t
�EuMk=�|}ou%w�x/u9~|k=nzl|��w�t4t6{gu9m$nojPx/k7w�lg~�m�w=jPx/kD}ouP�cuP}opBnopUnzlgj(w���w��|}ou%k��Cu!�\�|}Qw�nzl|nzl|�
m;�gj/{ak�� � {�w�tY{�w��|�EuPlgp�nzlquMjMk=lgk=m$nojDp6rsp6t/uPmvp(�
�W{gu>��w=jPt9t6{�w�t9uMjMk=lgk=m$noj7p6rsp6t/uPmvpYw�x/uA{�w�x/~yt/k$�|lg~|uPx/p/t�w�lg~�j(w�l�u(w=p6nz}zr��Eu

p/uMuPl�nzl�t6{gu;��w�t6t/uPx6lgp8k��Lt6{guDuMjMk=lgk=m7rc�Ew=p8k���t/k\~gwMrc��nzlq�J�J�J s�W�W{gu;uMjMk=lgk=m7r
�Ek=t6{anzl�t6{gu7¡8l|nzt/uM~_¢Rt�w�t/uMpDw�lg~qnzlat6{gu � k=x6}o~anop%�|lg~|uPx6�ck=nzl|�y{I�|�cu)£g�gjPt6��w��
t6nok=lgp � nzt6{qj(w��gp�uMpYt6{�w�t8{�wM�cuDt6{guPnzx8��w=p6nop9nzlq{I�|m�w�la�EuP{�w(�Rnok=x(�W�W{gu7jP�|x6x/uPlIt
jMk=x6x/uMjPt6nok=l�nzl�t6{gu>¡A¢�{gk=�gp6nzl|�$m�w�x6�cuPt�m�w(r���u%t6x�w=jMuM~���w=j/��t/k�w7�Jx/u(w�t9~|u(w�}
k���uPlRt6{I�gp6nQw=p6m¤nzlvt6{gu9~|uP�cuP}ok=�|mvuPlRt�k���t6{gu9{gk=�gp/nzl|�Dm�w�x6�cuPtB~s�|x6nzl|�7t6{gu9u(w�x6}zr
�J�J�J�=p(���W{guv�J}ok=��w�}Wp6r\p/t/uPm��EuP{�w(�Rnok=x7nop)wyx/uMp6�|}zt7k���m$nz}z}znok=lgp�k���nzlg~snz�Rno~s��w�}
~|uMjPnop6nok=lgp%�Ir�jMk=lgp6�|mvuPx/p(�E}ouPlg~|uPx/p(�.w�lg~q�ck(�cuPx6l|mvuPlRt/p(�A¥8k � uP�cuPx(���|x/uM~snojPt6nzl|�



t6{�w�t;t6{guMp/u�~|uMjPnop6nok=lgp � k=�|}o~ j(w��gp�uvp6�gj/{ � no~|u!��x�w�l|�Jnzl|�a�|x/k=�|}ouPmvp7{�w=p;�EuMuPl
�|x/k=�|}ouPm�w�t6noj7w�t9��uMp6t(�gw�lg~y~snop�w=p6t6x/k=�gp%w�t � k=x/p6t(�
iUjMk=lgk=m$nouMp�w�x/uyjMk=m$�|}ou!�fp6rsp6t/uPmvp � {|noj/{ uPlgjMk=m$��w=p/p$m$nojPx/k�w�lg~Hm�w=jPx/k

�EuP{�w(�Rnok=x/p(�snzlg~snz�\no~s��w�}�nzlIt/uPx�w=jPt6nok=lC�`u � �|nz}znz�|x6nz�|mvp(�gw�lg~.�\nzl�mvkJp6t�j(w=p/uMp(�sp/k=mvu
p/uPlgp/u_k��vp/uP}�� ��x/uP�J�|}Qw�t6nok=lC���WuMj(w��gp/u�k��$t6{|nopak(�cuPx � {guP}zm$nzl|�1jMk=m$�|}ou!�snzt
rc�7w
� ��w�lRt6nzt�w�t6nz�cu$��k=x6m k��WuMjMk=lgk=m$nojMp;{�w=p>��uMuPl�~sn���jP�|}ztDt/k�k=�gp/uPx6�cuJ��¥8k � uP�cuPx(�
� nzt6{ mvk=x/u���k � uPx2� �|}9jMk=m$�|�|t�w�t6nok=l�w�}9��k � uPx�w�lg~ t6{gu�~|uP�cuP}ok=�|mvuPlRt�k��%u!�$�
jPnouPlIt;jMk=lRt6x/k=}�w�}z�ck=x6nzt6{|mvp7nzt>nop>lgk � ��kJp/p6nz�|}ou�t/kqw��|�|x/kcw=j/{ uMjMk=lgk=m$nojMpD� x/k=m
w�mvk=x/u � ��w�lIt6nzt�w�t6nz�cuJ�Ux�w�t6{guPx�t6{�w�lHt6{guMk=x/uPt6noj(w�}��U��uPx/p6��uMjPt6nz�cu��a�W{gu��gp/u�k��
t6{guMp/uYjMk=m$�|�|t�w�t6nok=l�w�}Et/kRk=}opWw�}z}ok � p�uMjMk=lgk=m$nop6t/pBt/k;u!�gw�m$nzlgu9m�w�lRr�w=p6�EuMjPt/pBk��
uMjMk=lgk=m$nojDp6rsp6t/uPmvp � nzt6{�x/uPm�w�x6�Jw��|}ouA£�u!�\nz�|nz}znzt&r�w�lg~y~|uPt�w�nz}����Wk=t6{�}okRj(w�}�w�lg~
�J}ok=��w�}Ew=p6��uMjPt/pUk��.t6{gu9uMjMk=lgk=m$noj%p6r\p/t/uPm m�wMr$��u�u!�\�|}ok=x/uM~ � nzt6{gk=�|t4t6{gu9lguMuM~
��k=x8}Qw�x6�cu;~gw�t�w��
jMk=}z}ouMjPt6nok=l�uPlIt/uPx6�|x6nop/uMpAk=x%u!�\t/uPlgp6nz�cu7{I�|m�w�lanzlIt/uPx�w=jPt6nok=lC�8�Yl
w=jMjP�|x�w�t/uYp6nzm7�|}Qw�t6nok=l�j(w�lv��uWx6�|l�p/k=}ouP}zr)�Ir)nzt/p/uP}��.w�lg~vm�wMr��EuW�gp�uM~�t/kDu!�\t/uPls�
p6nz�cuP}zr�u!�gw�m$nzlgu;��w=p6noj)uMjMk=lgk=m$nojMpA}Qw � pDw�lg~qt6{guMk=x6nouMpA�ck(�cuPx6l|nzl|�yt6{gu7�|{Irsp6nojMp
k���nzlRt/uPx�w=jPt6nok=l�k��Uw��cuPlRt/p(�9�8lqw=~s�Jw�lIt�w��cu�k��Lt6{|nopYmvuPt6{gk\~�nopYt6{guD}Qw=j/��k��Ut6{gu
jMuPt/uPx6nopA��w�x6nz�|�gp 3 w=p6�EuMjPtAk��4t6x�w=~snzt6nok=l�w�}4uMjMk=lgk=m$nojMpF���8�gp/uPx6�Jw�t6nok=lgp � ��w�}zn���uM~
�IrvjMuPt/uPx6nopB��w�x6nz�|�gp4x/u � �|nzx/u9t6{�w�tWw�}z}`k=t6{guPx4�Jw�x6nQw��|}ouMpBnzl�wDj(w��gp�w�}�x/uP}Qw�t6nok=lgp6{|nz�
w�x/uBx6�|}ouM~$k=�|t�nzl$k=x/~|uPxLt/kAp6nzm$�|}zn���r7p6t6�g~snouMp(�
	akJp6tLuMjMk=lgk=m$noj�p6r\p/t/uPmvp�w�x/uWlgk=t
p6nzm$�|}ou>uPlgk=�|�J{yt/k�{gk=}o~�w�}z}.k=t6{guPx�t6{|nzl|�cp9jMk=lgp6t�w�lIt(�`w�lg~yu!�|w�m$nzl|nzl|�$t6{guPm�w=p
t6{gk=�|�J{qnzlg~snz�\no~s��w�},uP}ouPmvuPlRt/p%k��Lt6{gu7p6r\p/t/uPm�j(w�l���u>nop/k=}Qw�t/uM~qnzl�k=x/~|uPx%t/k$�Eu
�|lg~|uPx/p6t/kRk\~a�|lg~|uPx6m$nzlguMp;w�l��|lg~|uPx/p6t�w�lg~snzl|��k��Bt6{gu�t6x6�gu)uMjMk=lgk=m$noj�p6r\p/t/uPm��
� k=m$�|�|t�w�t6nok=l�w�}8p6t6�g~snouMpv~|k�lgk=t�x/u � �|nzx/u�t6{|nop$�\nzlg~Tk��8}znzm$nzt�w�t6nok=lC��w�lg~Tt6{gu
p6r\p/t/uPm m�wMr��Eu>u!�gw�m$nzlguM~ynzlynzt/pW���|}z}�jMk=m$�|}ou!�snzt
rc�
�Ylgk=t6{guPx9p�w�}znouPlRtYw=~s�=w�lRt�w��cuDnop9w�lyk=�gp/uPx6�cuPx
��p%w��|nz}znzt
r�t/k$jMk=lIt6x/k=}Ct6{guA��w=p6noj

p6t6x6�gjPt6�|x/u�k��`nzlRt/uPx�w=jPt6nok=lC���Wu!��k=x/u�w8x6�|lC�Jt6{gu�p6nzm7�|}Qw�t6nok=l�w�}z}ok � pUk=lguWt/k%t6nzl|�cuPx
� nzt6{T��w=p6noj���w�x�w�mvuPt/uPx/pvk��8t6{guyp6rsp6t/uPm��Up/�gj/{fw=p$p6n��(uMp$k��8�|�g~s�cuPt/pF�Ux�w�t/u�k��
�|t6nz}znzt
rHnzlgjPx/u(w=p/uJ��w�lg~Tt6{guym�w��Jl|nzt6�g~|uqk��>jMk=m$��uPt6nzt6nok=lC����rTw�}z}ok � nzl|�Hp6�gj/{
jMk=lIt6x/k=}��IwY�gp/uPxLj(w�l7�|x/uM~snojPt�x/uMp6�|}zt/pLk���uMjMk=lgk=m$nouMpUnzl)p/uP�cuPx�w�}st&rR��uMp�k��gx/u(w�}���}zn���u
p6nzt6��w�t6nok=lgp(� � {|noj/{�nopW�cuPr�nzl��|lg~|uPx/p6t�w�lg~snzl|�vt6{gu>p/jMk=��uAk��<uMjMk=lgk=m$nojDp/r\p6t/uPmvp
w�lg~yt6{guAx/u(w�}znop6t6noj>x�w�l|�cu7k���k=�|x9jMk=lRt6x/k=}��
¡Yl|}znz�cu�t6x�w=~snzt6nok=l�w�}EuMjMk=lgk=m$noj9x/uMp/u(w�x/j�{�t/k\k=}op(�Jx/uMjMuPlRt � k=x6��nzl�w��cuPlRt2����w=p/uM~

uMjMk=lgk=m$nojBp6t6�g~snouMp,{�w=p,�EuP�J�|l7t/kYjPx/u(w�t/uBmvuMj/{�w�l|nop6mvp<�Ir � {|noj/{�uMjMk=lgk=m$nojBp/jMu!�
l�w�x6nokJp,m�w(r;��u4u!�gw�m$nzlguM~.���W{guMp/uWp6nzm;�|}Qw�t6nok=l�t/k\k=}op�w�}z}ok � m$nz}z}znok=lgp<k=x��|nz}z}znok=lgp
k���nzlRt/uPx�w=jPt6nok=lgpW�Irvp6nzm7�|}Qw�t/uM~�uMjMk=lgk=m$noj%w��cuPlRt/pBnzl�x/uP}Qw�t6nz�cuP}zr�p6m�w�}z}�w�mvk=�|lIt/p
k��Yt6nzmvuJ����r�j/{�w�l|�Jnzl|��{gk � t6{guMp/u�nzlIt/uPx�w=jPt6nok=lgp � k=x6���Lt6{gu�x/uMp/u(w�x/j/{guPx�j(w�l
u!�|w�m$nzlgu�t6{gu�p/{gk=x6t�w�lg~ }ok=l|�qt/uPx6m u!�.uMjPt/p7k��Awym;�|}zt6nzt6�g~|uyk��9nzlRt/uPx�w=jPt6nok=lgp
�EuPt � uMuPlyw��cuPlIt/pWw�lg~�jPx/u(w�t/u8w�l��|lg~|uPx/p6t�w�lg~snzl|��k���{gk � t6{guMp/u8~sn���uPx6nzl|�7nzlIt/uPx2�
w=jPt6nok=lgpYj(w��gp/uA�Jw�x6nouM~y�J}ok=��w�}�jMk=lgp/u � �guPlgjMuMp(�
�%uMp/�|nzt/u�t6{gu���k � uPx�k��Yt6{guyjMk=m$�|�|t�w�t6nok=l�w�}9mvuPt6{gk\~Tk��8uMjMk=lgk=m$noj�p6t6�g~src�

mvkJp6t8jMk=m$�|�|t�w�t6nok=l�w�}Lp6t6�g~snouMp8{�wM�cu)��uMuPl�}znzm$nzt/uM~qnzl�t6{gu;p�uPlgp/uDt6{�w�t%t6{guPr�� �cu
�EuMuPl�mvk=x/uAk=xB}ouMp�p�k=�gp�uPx6�=w�t6nok=l�w�}��U�W{�w�tWnop(�|w��cuPlRt/pW{�wM�cuA��uMuPl�~|uMp6nz�JlguM~�w�lg~
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t6{gu4k=�|t/jMk=mvuMp<k��gx/uP�Eu(w�t/uM~;nzlIt/uPx�w=jPt6nok=lgp�{�wM�cu�uPmvuPx6�cuM~)k(�cuPx�m�w�lRrDnzt/uPx�w�t6nok=lgp(�
�W{gu8~|uMp6nz�Jl�{�w=pB�EuMuPl�j/{�w�l|�cuM~yw�lg~�lgu � k=�gp/uPx6�Jw�t6nok=lgp�m�w=~|uJ�L�W{|nop�t/uPlg~|pBt/k
�Jnz�cu�w�l�no~|u(w�k��4{gk � j/{�w�l|�cuMp>nzl_w��cuPlItA��uP{�wM�\nok=x/pDj(w��gp/u7�J}ok=��w�}Uj/{�w�l|�cuMp>nzl
t6{guvp6rsp6t/uPm���� {�w�t;nztD~|kRuMp6l � t)w=~|~sx/uMp/pD~snzx/uMjPt6}zr�nop>{gk � k=lgu$m$nz�J{ItD��k=x/jMu�w
�J}ok=��w�}L�|x/k=�EuPx6t&rat/k�uPmvuPx6�cu���x/k=m t6{gu)nzlIt/uPx�w=jPt6nok=lgp)k��Ww��cuPlRt/p(���8pDw�x/uMp6�|}zt(�
uMjMk=lgk=m$nop6t/p%{�wM�cu)t6x6nouM~�t/k��|lg~|uPx/p6t�w�lg~ � {�w�t>kRjMjP�|x/p%nzlauMjMk=lgk=m$nouMpAnzlak=x/~|uPx
t/k�~|uP�cuP}ok=���|x/uM~snojPt6nz�cu)mvkR~|uP}opF�8iUjMk=lgk=m$nop/t/p8{�w(�cu)lgk=t8�cuPlguPx�w�}z}zra~|uP�cuP}ok=�EuM~
x/u � �|nzx/uPmvuPlRt/p���k=x��J}ok=��w�}Du!�.uMjPt/p�t/kTuPmvuPx6�cuJ�A~|uMp6nz�JlguM~1w��cuPlIt/p � nzt6{|nzl t6{gu
p6r\p/t/uPm ��w=p/uM~Hk=l t6{guMp/u�x/u � �|nzx/uPmvuPlIt/pF�Bw�lg~ �=w�}zno~gw�t/uM~ t6{guMp/u�x/u � �|nzx/uPmvuPlRt/p
�gp6nzl|�vjMk=m$�|�|t�w�t6nok=l�w�},mvk\~|uP}op(�
� k=m$�|}ou!�yp6rsp6t/uPm ~|uMp6nz�Jlynop�w)j/{�w�}z}ouPl|�Jnzl|� ��uP}o~yk��<p/jPnouPlgjMuAnzl � {|noj/{�p/k=mvu

t/k�m�w�lRr�nzlg~|uP��uPlg~|uPlIt$nzlIt/uPx�w=jPt6nzl|����w�x6t/pvw�x/u�jMk=m;�|nzlguM~Tp�kaw=p)t/kajPx/u(w�t/u�w
m�w=j/{|nzlgu�k=xvp/r\p6t/uPm � nzt6{ wa��w�x6t6nojP�|}Qw�x�~|uMp6nzx/uM~H���|lgjPt6nok=lhk=xv�|x/k=��uPx6t
rTp/uPt(�
� p6�|�gp/uPt�k��9t6{gu��cuPlguPx�w�} ��uP}o~ k��8jMk=m$�|}ou!� p6rsp6t/uPmvp7nop7p � w�x6mvp(� � {|noj�{Tw�x/u
�Jx/k=�|�gp�k��D�|no~snzx/uMjPt6nok=l�w�}z}zrhjMk=m$m7�|l|noj(w�t6nzl|�hw��|t/k=lgk=mvk=�gp�w��cuPlIt/p(� ¢ � w�x6mvp
w�x/uynzlIt/uPx/uMp6t6nzl|� ��k=x�w�lI�|m7�EuPx�k��>x/u(w=p/k=lgp(��t6{guymvkJp6tvnzm$��k=x6t�w�lIt�k�� � {|noj/{
nopDt6{guvt/uPlg~|uPlgjPr_k��9p � w�x6mvp)t/k�u!�\{|nz�|nzt)uPmvuPx6�cuPlgjMuJ� � {|noj/{Tw�}z}ok � p)t6{guPm t/k
�|lg~|uPx6t�w��cu�w=jPt6nok=lgpDt6{�w�t;w�x/u$lgk=tDu!�s�|}znojPnzt6}zra��w�x6t;k��Bt6{guvjMk=lRt6x/k=}Bw�}z�ck=x6nzt6{|m��
�W{gu�mvkJp6t)j/{�w�}z}ouPl|�Jnzl|��t6{|nzl|�anzl jMk=m$�|}ou!� p6r\p/t/uPm ~|uMp6nz�Jl nop7uPlgp/�|x6nzl|�qt6{�w�t
t6{gu�~sn��.uPx/uPlIt$��w�x6t/p � nz}z}WnzlIt/uPx�w=jPt � nzt6{Tu(w=j/{Tk=t6{guPx�nzlTwqp/�gj/{Tw � wMrHw=p7t/k
�cuPlguPx�w�t/u%w;~|uMp6nzx/uM~�p/r\p6t/uPm �EuP{�w(�Rnok=x(�L�W{|nopBnopB��w�x6t6nojP�|}Qw�x6}zrvt6x6�gu9��k=xBp/r\p6t/uPmvp
k��<w��|t/k=lgk=mvk=�gpYw��cuPlIt/pF�B¢RnzlgjMu>u(w=j/{�w��cuPlIt�nopWnzlg~|uP��uPlg~|uPlIt(�gt6{gu8nzlRt/uPx�w=jPt6nok=lgp
j(w�ly�Eu>�cuPx6r�~sn���jP�|}zt9t/k$�|x/uM~snojPt(�`w��|x6nok=x6n��
�&l���w�x�w�}z}ouP}Ct/k�~|uP�cuP}ok=�|nzl|��jMk=m$�|�|t�w�t6nok=l�w�}�uMjMk=lgk=m$nojDmvk\~|uP}op(��w)lgu � ��uP}o~

j(w�}z}ouM~�p � w�x6m uPl|�JnzlguMuPx6nzl|��{�w=p9��uMuPl�uPmvuPx6�Jnzl|��kF�cuPxYt6{gu>��w=p6t8~|uMj(w=~|uJ�B�W{|nop
��uP}o~ nop�wap6�|� ��uP}o~Hk��YuPl|�JnzlguMuPx6nzl|�_nzl � {|noj/{Tp � w�x6mvpvw�x/u�~|uMp6nz�JlguM~Tw�x/k=�|lg~
�J}ok=��w�}Y�ckcw�}op � {|noj/{ {�wM�cuq�EuMuPl ~|uPt/uPx6m$nzlguM~h�|x6nok=x�t/k_t6{guqp � w�x6m ��p�~|uMp6nz�Jl
�|{�w=p/uJ�y�W{guvnzlg~snz�\no~s��w�}Ww��cuPlRt/p
�C��uP{�wM�\nok=x/p)j(w�l ��uvp6{gk � l t6{guMk=x/uPt6noj(w�}z}zr_t/k
}ou(w=~yt/kvt6{guDp � w�x6m ��p8�J}ok=��w�}���uP{�wM�\nok=x/p(�g�Jnz�\nzl|�vt6{gu;p � w�x6m ��p%~|uMp6nz�Jlqw�m7�gj/{
mvk=x/u>x/k=�|�gp6tW£`wM�ck=x(�
�&l_t6{guvp � w�x6m }znzt/uPx�w�t6�|x/uJ�<t6{guPx/u�nopD}znzt6t6}ou$nzl_t6{gu � w(r_k����cuPlguPx�w�}z}zr�w��|�|}zn��

j(w��|}ouA�|x6nzlgjPnz�|}ouM~�w��|�|x/kcw=j/{qt/k$p � w�x6m ~|uMp6nz�JlC��¢\k=mvu>x/uMp/u(w�x/j/{guPx/p9{�wM�cu>�|�|nz}zt
�|x/uP}znzm$nzl�w�x6r_p6r\p/t/uPmvp>��k=xDmvk=l|nzt/k=x6nzl|�ak=x;�|lg~|uPx/p6t�w�lg~snzl|�qt6{gu�uPmvuPx6�cuPlIt)�Eu!�
{�wM�\nok=x/pyk��)w��cuPlIt/p(� ¥8k � uP�cuPx(�%t6{guMp/u�p6t6�g~snouMpy~|k lgk=t�rcuPt��cuPlguPx�w�}zn��(u�t/kHw
mvuPt6{gkR~|k=}ok=�Jrft6{�w�t � k=x6�spv��k=x�w_}Qw�x6�cu�lR�|m;��uPx�k��Dp � w�x6m p/r\p6t/uPmvpF� �%p�w
x/uMp6�|}zt(��lgk���w�x6t6nojP�|}Qw�x;mvuPt6{gk\~�u!�snop6t/pA��k=xD�cuPlguPx�w�t6nzl|�qp � w�x6mvp7k��W��w�x6t6nojP�|}Qw�x
~|uMp6nz�JlC�
�&lft6{|nop�j/{�w��|t/uPx(� � u�u!�|w�m$nzlgu � {�w�t � u�j(w�}z}9t6{gu�¥Aw�m$nz}zt/k=l|nQw�l 	auPt6{gkR~

k��A¢ � w�x6m �AuMp6nz�Jl���¥ 	 �>¢ ���!���W{|nop�mvuPt6{gkR~ nop$wq�|x6nzlgjPnz�|}ouM~fw��|�|x/kcw=j/{ft/k
p � w�x6m ~|uMp6nz�Jl1jMk=lgp6nop/t6nzl|�fk��;t � kTm�w�nzl �|{�w=p/uMp(���&l t6{gu �gx/p6t��|{�w=p/uJ�Yt6{gu
�J}ok=��w�}U�ckcw�}���p	�%nop
��w�x/u
� � x6nzt6t/uPl_nzl_t/uPx6mvp;k��W�|x/k=��uPx6t6nouMpDt6{�w�t;j(w�l_��u$p/uPlgp/uM~
w�lg~aw��.uMjPt/uM~��Rr�t6{gu�w��cuPlIt/p(�%�W{gu;x/uMp/�|}zt6nzl|��u � ��w�t6nok=l���p	�Yj(w�lqt6{guPla��u;�gp/uM~



4
t/kv~|uP�cuP}ok=��x/u � �|nzx/uPmvuPlIt/pY��k=xYt6{gu>�EuP{�w(�Rnok=x/p8k��<t6{gu)w��cuPlIt/pYt6{�w�tY}ou(w=~yt/k$t6{gu
�J}ok=��w�}E�ckcw�}��4�W{gu%p�uMjMk=lg~��|{�w=p�u8jMk=lgp6nop/t/p�k���jPx/u(w�t6nzl|���EuP{�w(�Rnok=x/pWt6{�w�t�p�w�t6nop2��r
t6{guMp/uWp � w�x6m x/u � �|nzx/uPmvuPlIt/pL�|x/kF�=w��|}zrc���8lgjMu�t6{guMp/u�{�wM�cuW��uMuPl)jPx/u(w�t/uM~.�cnzt�j(w�l
�EuDw=p/p�uPx6t/uM~yt6{�w�t�t6{gu>x/uMp6�|}zt6nzl|��p � w�x6m � nz}z}.{�w(�cuDt6{gu>~|uMp6nzx/uM~��J}ok=��w�}C�ckcw�}op(�
�W{gk=�|�J{7p � w�x6m uPl|�JnzlguMuPx6nzl|�Y{�w=p�t
r\�|noj(w�}z}zr>�EuMuPl)w��|�|}znouM~Dt/k�x/k=��k=t6noj4~|uMp6nz�Jl

w�lg~�jMk=m$�|�|t�w�t6nok=l�~|uMp6nz�JlC� � u%�|x/kcw=~|uPl�t6{gu%p/jMk=�EuY{guPx/uY�Rr�w��|�|}zr\nzl|�7nzt�t/k)w�l
uMjMk=lgk=m$nojqp6rsp6t/uPm����Yu(w�}%uMjMk=lgk=m$noj�p6rsp6t/uPmvp�w�x/uqp6rsp6t/uPmvp�k��;w��|t/k=lgk=mvk=�gp
w��cuPlIt/p � nzt6{��|no~snzx/uMjPt6nok=l�w�}�jMk=m$m;�|l|noj(w�t6nok=lC�|p�w�t6nop2��r\nzl|�7wA�|x/kcw=~�~|u �gl|nzt6nok=l�k��
w�p � w�x6m��$�W{R�gp(�CnztDp6t�w�lg~|pDt/k�x/u(w=p/k=l�t6{�w�tDp � w�x6m uPl|�JnzlguMuPx6nzl|��t/uMj/{|l|n � �guMp
m$nz�J{It���uUw��|}ouLt/kW��uUw��|�|}znouM~Dt/k�p6�gj�{7w�p6rsp6t/uPm p/k9w=pCt/kW�cuPlguPx�w�t/uBw��|x/uM~|u �glguM~
�J}ok=��w�}���uP{�wM�\nok=xYk��Lt6{guDp6rsp6t/uPm�� 	�w�lIryp6t6�g~snouMpY{�wM�cuD��uMuPl�m�w=~|u � {|noj�{��gp/u
w��cuPlIt2����w=p/uM~)p6nzm;�|}Qw�t6nok=lgp<nzl � {|noj/{;nzlRt/uPx�w=jPt6nok=lgp��EuPt � uMuPl$w��cuPlIt/p<~|u �glgu � {�w�t
t6{gu�uMjMk=lgk=m;r � nz}z}Y~|k|� ¥8k � uP�cuPx(�Wt6{gk=�|�J{ft6{guMp�u�p6t6�g~snouMp�u!�st6x�w=jPt/uM~T�J}ok=��w�}
�EuP{�w(�Rnok=x/p;� x/k=m t6{guPnzx7p6rsp6t/uPmvp(�.t6{guPr_~sno~_lgk=t7~|uP�cuP}ok=� k=x)w��|�|}zr�w�mvuPt6{gkR~
k��C�cuPlguPx�w�t6nzl|�7t6{gu8�J}ok=��w�}`��uP{�wM�\nok=x(�sw�lg~�t6{guPl�~|uMp6nz�Jl|nzl|�7t6{gu%p6rsp6t/uPm w�x/k=�|lg~
t6{�w�tv�EuP{�w(�Rnok=x(� �W{|nop�p6t6�g~src� � {|noj/{ m$nz�J{It��Eu�t/uPx6mvuM~ w�p6t6�g~srHnzlfp � w�x6m
uMjMk=lgk=m$nojMp(�snopWmvu(w�lIt�t/k�u!�gw�m$nzlgu8t6{gu>~|uMp/nz�Jl��|{�w=p�u%k���w�l�uMjMk=lgk=m$noj;p6r\p/t/uPm
�gp6nzl|�$t6{guDp � w�x6m�uPl|�JnzlguMuPx6nzl|��mvuPt6{gk\~|k=}ok=�Jrc�
�W{gu4x/uPm�w�nzlg~|uPxLk���t6{guB��w��EuPx<nop�k=x6�Iw�l|n��(uM~$w=pC��k=}z}ok � p(�U¢\uMjPt6nok=lv�8u!�|w�m$nzlguMp

t6{guDt6{guMk=x/uPt6noj(w�}Uw��|�|}znoj(w�t6nok=l�k��Ut6{gu;¥ 	 �>¢ � t/k�wvp/nzm$�|}ou;uMjMk=lgk=m$noj)mvkR~|uP}��
�W{|nop$p/uMjPt6nok=l ��k\jP�gp/uMp�k=lHt6{gu��|x/k=��uPx6t6nouMpvk��Yt6{guyw��cuPlRt/p$t6{�w�t � nz}z}��Jnz�cu�t6{gu
uMjMk=lgk=m;r w���w�x6t6nojP�|}Qw�x$��uP{�wM�\nok=x(��¢\uMjPt6nok=l����|x/uMp/uPlIt/p)t6{gu���uPx2��k=x6m�w�lgjMu�k��
t6{gu�mvk\~|uP}A�|lg~|uPx�~sn��.uPx/uPlItyu!�s�EuMjPt/uM~1w��cuPlRt���uP{�wM�\nok=x/p(� ¢\uMjPt6nok=l��Hk���uPx/p
p/k=mvu>~snop/jP�gp/p6nok=law�lg~�jMk=lgjP}z�g~snzl|��x/uPm�w�x6�sp(�

2. Swarm engineering basics
�
lyt6{|nop8p/uMjPt6nok=lC� � u;�Jnz�cu;w�l�kF�cuPx6�Rnou � k��Lp � w�x6m�uPl|�JnzlguMuPx6nzl|��t6{guMk=x6rc� �_u

�EuP�Jnzl � nzt6{hwqp/uPt$k��%~|u �gl|nzt6nok=lgp$t6{�w�t$jP}Qw�x6n���r w�lg~ m�w��cu�x6nz�ck=x/k=�gp$p/k=mvu�k��
t6{guDjMk=lgjMuP�|t/pY��uP{|nzlg~�p � w�x6m uPl|�JnzlguMuPx6nzl|�g� �_uDjMk=lRt6nzlI�gu � nzt6{aw)t6{guMk=x/uPt6noj(w�}
~|uMp/jPx6nz�|t6nok=lvk��`t6{gu�p6t/uP�gp���uP{|nzlg~$p � w�x6m ~|uMp6nz�Jl�w�lg~)�|x/kRk���k��E~|uMp6nz�Jlvu!��j(w=jPrc�

Definitions
�_uDw=p/p6�|mvuAt6{�w�tYw�p6rsp6t/uPm j(w�l���u8t6{gk=�|�J{Rt8k��Lw=pYw�jP}okJp/uM~yp/uPt9k���k=���2uMjPt/p

t/k=�cuPt6{guPx � nzt6{ w�p/uPtDk��9jMk=lgp6nop/t/uPlIt;~sr\l�w�m$noj$�|x/k=��uPx6t6nouMp(���W{guMp/uv�|x/k=�EuPx6t6nouMp
lguMuM~vlgk=t4{�w(�cu8jP}okJp�uM~$��k=x6m u!�s�|x/uMp/p6nok=lgp(�I�|�|t � u%w=p/p6�|mvuYt6{�w�t4t6{guPr�w�x/uYjMk=ls�
p6nop6t/uPlIt4nzlvt6{gu9p/uPlgp/u9t6{�w�tUmvu(w=p6�|x/uPmvuPlIt/pWk=x4jMk=m7�|nzl�w�t6nok=lgpWk��Emvu(w=p6�|x/uPmvuPlRt/p
j(w�l|lgk=t>�|x/kR~s�gjMu$~sn��.uPx6nzl|�ylI�|mvuPx6noj(w�}U�Jw�}z�guMp%��k=x>w�lRrqmvu(w=p/�|x�w��|}ou � ��w�lRt6nzt
rc�
��uMj(w��gp�uvt6{gu�p/r\p6t/uPm nop;jP}okJp/uM~.�<t6{gu�k=���2uMjPt/p�w�x/uvlgk=t�w���uMjPt/uM~ �Ir�w�lRrRt6{|nzl|�
k=�|t/p6no~|uvk���t6{guvp6rsp6t/uPm����%p;w�x/uMp6�|}zt(�,nzl�p6nzm7�|}Qw�t6nok=lgp;nzlR�ck=}z�Rnzl|��w�l k=�|t/p6no~|u
jMk=lIt6x/k=}z}ouPx�k��%w�lfw��cuPlRt$nzl t6{gu�p6nzm7�|}Qw�t6nok=lC�4t6{gu�jMk=lRt6x/k=}z}ouPx�w�lg~HuP�cuPx6rRt6{|nzl|�
t6{�w�t8w���uMjPt/p9nzt9m;�gp6t���u>�\nou � uM~�w=p9��w�x6tYk��<t6{gu>p/r\p6t/uPm��
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�_u$~|u �glgu$w��|x/k=��uPx6t
r�k��Bt6{gu�p6rsp6t/uPm t/k��Eu�w�j/{�w�x�w=jPt/uPx6nop6t6nojvk���t6{gu�p6r\p6�

t/uPm t6{�w�t�j(w�lT�Eu�mvu(w=p/�|x/uM~T�gp6nzl|� wa�|x/k\jMuMp/p�t6{�w�tvnop$nzlg~|uP��uPlg~|uPlIt�k��%t6{gu
j/{�w�x�w=jPt/uPx6nop6t6nojJ� �
l � {�w�tW��k=}z}ok � p(� � u � }z}.x/uP�|x/uMp�uPlItYw)p6rsp6t/uPm ��p��|x/k=�EuPx6t&r�w=p Pi� {guPx/u9t6{guYp/�|�gp/jPx6nz�|t i

p�uPx6�cuMpUt/k>no~|uPlRt6n�� r$t6{guY�|x/k=�EuPx6t&rc�U�8pBw�l�u!�gw�m$�|}ouJ�It6{gu
t/uPm$�EuPx�w�t6�|x/uAk��<w7�|x/k\jMuMp/p/k=x�m�wMr���u8mvu(w=p6�|x/uM~��gp6nzl|�7t6{gu%x�w=~snQw�t6nz�cuAuPm$m$nop2�
p6nok=lgpDk��Wt6{gu$�|x/kRjMuMp�p/k=x(��uP�cuPl t6{gk=�|�J{_t6{gu$mvu(w=p6�|x/uPmvuPlRt)j(w�l|lgk=t�w���uMjPtDt6{gu
�|x/kRjMuMp/p�k=x
��p�t/uPm$�EuPx�w�t6�|x/u 4 �
�_u%~|u �glguAw�l�w��cuPlIt�t/kD��u8w;p6nzt6��w�t/uM~�p6�|�gp/uPtBk��.t6{gu%p6rsp6t/uPm t6{�w�tWu!�\{|nz�|nzt/p

w��|t/k=lgk=mvk=�gp7jMk=lRt6x/k=}�kF�cuPx)w�tD}ou(w=p6t7k=lguv~|uP�Jx/uMu�k��W��x/uMuM~|k=m nzl_t6{guvp/r\p6t/uPm��
�Y�|t/k=lgk=mvk=�gpvjMk=lRt6x/k=}9nop�jMk=lIt6x/k=} � {|noj�{f~|kRuMp�lgk=tvu!�s{|nz�|nztvwa~snzx/uMjPtv~|uP�EuPls�
~|uPlgjMu$k=l w�lIra��w�x6tDk���t6{gu$p/r\p6t/uPm�k=t6{guPx>t6{�w�l�t6{gu$jMk=lIt6x/k=}z}znzl|�quP}ouPmvuPlRt
��p	���
t6{guD��uP{�wM�\nok=x%k��Ut6{gu)w��cuPlItDw�}op/kvm7�gp6tYlgk=t%��u7w�t6t6x6nz�|�|t�w��|}ou)t/kvt6{gu7~srRl�w�m$noj
nzlIt/uPx�w=jPt6nz�cu;u � ��w�t6nok=lgp9t6{�w�t8~|u �glgu>t6{guDp6rsp6t/uPm��
�8lyw��|t/k=lgk=mvk=�gpYw��cuPlItWnop�w�l�w��cuPlRt�t6{�w�tWw=jPt/p � nzt6{gk=�|tWt6{gu%~snzx/uMjPt�jMk=lIt6x/k=}

k��Ww�lIr�k=�|t/p6no~|u�nzls£g�guPlgjMuJ���W{|nop>mvu(w�lgp>t6{�w�t;k=�|t/p6no~|u$k��Wt6{gu�t6{|nzl|�cp>t6{�w�tDnzt
j(w�l p/uPlgp�uJ�,lgkq��w�x6t�k��Yt6{gu�k=�|t/p/no~|u � k=x6}o~Hw��.uMjPt/p�w�lIr_��w�x6t$k��9t6{gu�w��cuPlIt
��p
jMk=lIt6x/k=}z}ouPx(��� {|nz}ou�t6{guvw��cuPlItDj(w�l���uvw���uMjPt/uM~��Rrak=t6{guPx>t6{|nzl|�cp>t6{�w�t>nztDj(w�l
p/uPlgp/uJ�\t6{guAu!��uMjPtWk��,t6{guAp/uPlgp/uMp�nopWu!�s�EuMjPt/uM~�t/k)�Eu8nzlg~|uP��uPlg~|uPlIt9k��,t6{guAj(w��gp/u
k��gt6{guBp/uPlgp�k=x6r>nzl|�|�|t,t/k8nzt/p,jMk=lRt6x/k=}z}ouPx(�L�YlRrRt6{|nzl|�%��w�nz}znzl|�8t/kYmvuMuPt,t6{|nop<mvuPt6x6noj
j(w�l|lgk=t9�EuAt6{gk=�|�J{Rt8k��Uw=pYw��|t/k=lgk=mvk=�gp(�
�_u7m�wMr � ��w�lRt6n�� r�t6{|nop%no~|u(ws�8�CuPt8t6{gu)jMk=lIt6x/k=}z}ouPxDk��Bw�l�w��cuPlItA��u;~|u �glguM~

�Iryt6{gu � wMrqnzl � {|noj�{at6{gu�w��cuPlIt%x/uMp6��k=lg~|p%t/kvnzt/p8mvuPmvk=x6r�p6t�w�t/u M
w�lg~qnzt/p

p/uPlgp/k=x6r�p6t�w�t/u
Ss
�4�W{guPlC�g�Jnz�cuPlaw�lIryk=�|t/p6no~|uD�|x/k=��uPx6t
r�k���t6{guDp6rsp6t/uPm

PS
�|nzt

nop�t6x6�gu>t6{�w�t�n���t6{guDjP�|x6x/uPlIt%p6t�w�t/u>k��<t6{gu7w��cuPlItYnop9�Jnz�cuPl��Ir
Sa

t6{guPl

dSa

dt
=

∂Sa

∂M

dM

dt
+

∂Sa

∂Ss

dSs

dt
+

∂Sa

∂PS

dPS

dt
.

���J���
�

�W{�w�t%t6{gu �gl�w�}�t/uPx6m nop �(uPx/k���k=xDw�}z}Lk=�|t/p6no~|u��|x/k=��uPx6t6nouMpAnopDw�lguMjMuMp/p�w�x6rqw�lg~
p6�s��jPnouPlItvjMk=lg~snzt6nok=lT��k=x$w��|t/k=lgk=m;rc���8k � �Ut6{|nop$~|k\uMp)lgk=tvp�wMr t6{�w�t dSs

dPS

nop
�(uPx/k|� �&t;p6nzm$�|}zr�mvu(w�lgpDt6{�w�t7t6{guvk=l|}zr � w(r_t6{�w�tDt6{|nopD�|x/k=��uPx6t
r�m�w(r_uPlIt/uPx
t6{gu>jMk=lIt6x/k=}z}ouPx%nop�t6{|x/k=�|�J{�t6{guDp/uPlgp�uMp(�
�_u�~|u �glguyt6{gu��EuP{�w(�Rnok=x�k��>w�p6�|�gp�uPtvk��8t6{gu�p6rsp6t/uPm t/k���u�t6{gu � w(r nzl

� {|noj/{v�|x/k=��uPx6t6nouMp4k���t6{gu9p6�|�gp6rsp6t/uPm j�{�w�l|�cu9nzlvt6nzmvuJ� �
uJ�z�Jn��
Pi
nop4wA�|x/k=��uPx6t
rc�

t6{guPlqw)�EuP{�w(�Rnok=x
bi
nop9~|u �glguM~��Ir

bi =
dPi

dt
.

���J��� �

��uP{�w(�Rnok=x/p7k�� t/uPl�nzlI�ck=}z�cuvt6{guvnzlIt/uPx6�|}QwMr��EuPt � uMuPl�mvk=x/uvt6{�w�l�k=lguv�|x/k=��uPx6t
rc�
�
l$t6{|nopUj(w=p�uJ� � uYx/u � �|nzx/u9w%��k=x6m�w�}znop6m ��k=xU~|uMp/jPx6nz�|nzl|�;p/�gj/{v��uP{�wM�\nok=x/p(���CuPtU�gp
p6�|�|�EkJp�u8t6{�w�t9w)p6rsp6t/uPm nopWm�w=~|u%�|��k��,uP}ouPmvuPlIt/p � {gkJp/u%�EuP{�w(�Rnok=x�nop�~|u �glguM~
nzl�t/uPx6mvpDk��Bmvu(w=p6�|x�w��|}ouMp

A = {P1, . . . , Pn}
�)�W{guPl�t6{|nop>p6r\p/t/uPm�j(w�l�{�wM�cu

w_��uP{�wM�\nok=x � {|noj/{ nop�jMk=m$�EkJp/uM~ k��)w�}z}>k��Dt6{gua�EuP{�w(�Rnok=x/p�k��;t6{gu�~sn��.uPx/uPlIt
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mvu(w=p6�|x�w��|}ouMp(�U�W{�w�t9nopF�

−→
bA =

(

dP1

dt
, . . . ,

dPn

dt

)

.
���J� � �

�W{guMp/u4�|x/k=��uPx6t6nouMpLj(w�l)�Eu4mvkJp6t<u(w=p/nz}zrDt6{gk=�|�J{ItUk��`w=p�jMk=m$��kJp6nzt/u4�|x/k=��uPx6t6nouMp�k��
m�w�lIr�w��cuPlRt/pBk=xWk=���2uMjPt/pBnzl�t6{gu8p6rsp6t/uPm����gk=x4nzlgp6t�w�lgjMuJ�|w;p6t�w�x4{�w=p�wD~snop/jMuPx6ls�
w��|}ou$p6n��(u � {|noj/{_nop>~|u �glguM~_w=p7w�jMk=m7�|nzl�w�t6nok=l k���t6{gu��EkJp6nzt6nok=l�w�}4�|x/k=�EuPx6t6nouMp
k��4t6{gu$w�t/k=mvp8m�w��\nzl|��nztA�|�C�%�8lIrap6nzl|�J}ou)uP}ouPmvuPlItDk��4t6{gu�p6rsp6t/uPm � k=�|}o~a�Eu
nzlgp6�s��jPnouPlItLt/kA~|uMp/jPx6nz��u�t6{gu�p/r\p6t/uPm��,�W{I�gp(�ct6{guB�|x/k=��uPx6t
r7m;�gp6t���uW~|uMp/jPx6nz�EuM~
nzl�t/uPx6mvpDk��Bt6{gu��|x/k=��uPx6t6nouMpDk��9w�}z} ��k=x;w�t>}ou(w=p/t>m�w�lIr �Ak��Bt6{guvw�t/k=mvp>nzl�t6{gu
p6r\p/t/uPm��
�
l�m�w�lIr��|{Irsp6noj(w�}Cp6rsp6t/uPmvp(�Rt6{guPx/uDw�x/u%�|x/k=�EuPx6t6nouMp�t6{�w�t9w�x/u>~|uPx6nz�Jw�t6nok=lgp�k��

k=t6{guPx>�|x/k=�EuPx6t6nouMp(���W{guMp/u��|x/k=��uPx6t6nouMp7w�x/u�lgk=t>��w=p/noj�nzlat6{gu$p�uPlgp/u�t6{�w�t>t6{guPr
~|k>lgk=t4~|uP��uPlg~�k=l�~sr\l�w�m$nojMp4k��.k=t6{guPx4�|x/k=��uPx6t6nouMp(�L�%p4w�l�u!�gw�m$�|}ouJ�IjMk=lgp6no~|uPx
w���k=nzlIt>m�w=p�pAnzl_k=�|x>�|l|nz�cuPx/p/uJ� �_u)m�w(ra~|u �glgu�nzt/pA��kJp6nzt6nok=l�nzl�t/uPx6mvp>k��Ww
�=w�x6nQw��|}ou −→x

�7¥8k � uP�cuPx(�,w�lgk=t6{guPx;�|x/k=�EuPx6t&rc�.t6{gu��cuP}okRjPnzt&r −→v
��nopDw�~|uPx6nz�Jw�t6nz�cu

�|x/k=�EuPx6t&r � {gkJp�u�x/uP}Qw�t6nok=lgp6{|nz� � nzt6{_t6{gu���w=p6nojv�EkJp6nzt6nok=l�w�}L�|x/k=��uPx6t
r�nopA�Jnz�cuPl
�Ir

−→v = −̇→x .
���J� � �

�
tUnop4�EkJp�p6nz�|}ou9t/k;mvu(w=p6�|x/u9t6{|nopB�|x/k=�EuPx6t&rvk��.t6{guYk=���6uMjPt(�\w�lg~�p/kDnztUnopBnzlg~|uMuM~�w
�|x/k=�EuPx6t&r�k��<t6{gu%p/r\p6t/uPm��|w=p � uP}z},w=p9w7�EuP{�w(�Rnok=x9k��<t6{gu%k=���6uMjPt(�U�W{|nop�~s��w�}znzt&r
k�����uP{�wM�\nok=x%w�lg~��|x/k=�EuPx6t&r�j(w�l���u>x/uMp/k=}z�cuM~qk=l|}zr��Rrylgk=t6nzl|��t6{�w�t8�EuP{�w(�Rnok=x/p
w�x/uY}znzl|�cuM~�t/k;�|x/k=��uPx6t6nouMp(�\�|�|t�t6{guY��uP{�wM�\nok=x/pWj(w�l�k=l|}zr$��uMjMk=mvuY�|x/k=��uPx6t6nouMpWn��
t6{guPrc�|nzl���w=jPt(��j(w�l��EuAnzlg~|uP��uPlg~|uPlIt6}zrymvu(w=p/�|x/uM~.�
iLmvuPx6�cuPlgjMu){�w=p8��uMuPlano~|uPlIt6n���uM~��Irqm�w�lIrqw��|t6{gk=x/pAnzlat6{gu)��w=p6t%nzlqt/uPx6mvp

j(w��|t6�|x6nzl|� t6{guq�cuPlguPx�w�}Ano~|u(w_t6{�w�tyw p6r\p/t/uPm j(w�l {�wM�cuq�|l|nzlIt/uPlg~|uM~ �J}ok=��w�}
�|x/k=�EuPx6t6nouMp)t6{�w�t$w�x/uvlgk=t�u!�\�|}znojPnzt6}zr_�|�|nz}zt7nzlIt/kanzt/p�w��cuPlIt/p(�q�W{gu�nzlRt/uPx/uMp6t7nzl
p � w�x6m���w=p�uM~�p6r\p/t/uPmvp>p/uMuPmvpAt/k�{�wM�cuvjMk=mvu)��x/k=m t6{|nopDp6nzl|�J}ou$k=�gp�uPx6�=w�t6nok=lC�
�_u>lgk � �|x/k=��kJp/uDw�x6nz�ck=x/k=�gp8~|u �gl|nzt6nok=lqk���t6{|nop��|x/k=��uPx6t
rc�
¢R�|�|�EkJp/uqt6{�w�t � u�{�w(�cu�w �|x/k=��uPx6t
r

Pj
t6{�w�t�nopyw�� �|lgjPt6nok=l1k��)w�lgk=t6{guPx

�|x/k=�EuPx6t6nouMp%w�lg~y�EuP{�w(�Rnok=x/pYk��<t6{guDp/r\p6t/uPm��L�W{�w�tYnop(�|p6�|�|��kJp/uAt6{�w�t

Pj = f (b1, . . . , bnb
, P1, . . . , Pj−1, Pj+1, . . . , PnP

) ,
���J��� �

� {guPx/u nb
nopAt6{gu)lI�|m7�EuPx;k���p6r\p/t/uPmvp8��uP{�wM�\nok=x/p(��w�lg~

nP
nopAt6{gu7lR�|m;��uPxDk��

p6r\p/t/uPmvpW�|x/k=�EuPx6t6nouMp(�B�W{guAlI�|m7�EuPx%k��<��uP{�wM�\nok=x/p9nop�lgk=tYlguMjMuMp/p�w�x6nz}zr�u � ��w�}Ct/k
t6{gu8lR�|m;��uPx9k����|x/k=��uPx6t6nouMp�k���t6{gu8p/r\p6t/uPm��L�W{gu8�|x/k=��uPx6t
r

Pj
nop�w�l�uPmvuPx6�cuPlIt

�|x/k=�EuPx6t&r�k��<t6{guDp/�|�gp6r\p/t/uPm
i
n��

∂bi

∂Pj
= 0.

���J��� �

�W{�w�tCnop(�(t6{guU�|x/k=�EuPx6t&r
Pj

nopClgk=t,wB��w=jPt/k=x�nzlDt6{guL~|u �gl|nzl|�9���|lgjPt6nok=l;k��s�EuP{�w(�Rnok=x

bi
��k=x7w�lRr_k��Wt6{gu��EuP{�w(�Rnok=x/p�k���t6{gu�uP}ouPmvuPlRt/p�k��Wt6{gu�p6rsp6t/uPm����W{|nop;mvu(w�lgp
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t6{�w�t>t6{gu�w��cuPlIt;k=x)w��cuPlIt/pDnzl�t6{gu�p6r\p/t/uPm w�x/u�w=jPt6nzl|��nzlg~|uP�EuPlg~|uPlRt6}zr_k���t6{gu
�|x/k=�EuPx6t&rc�Cw�lg~qp/k�t6{gu7�|x/k=�EuPx6t&r�nop8lgk=t>w�~|uP}znz��uPx�w�t/u7x/uMp/�|}zt%k��4t6{gu)~|uMp6nz�Jl�k��
t6{gu�w��cuPlRt
��p��EuP{�w(�Rnok=x/p(�a�%p7w�x/uMp6�|}zt(��nzt)j(w�l|lgk=t���uv�\nou � uM~Tw=p7��w�x6t)k��Yt6{gu
~|uMp6nz�Jl�k��<t6{gu7w��cuPlIt
��p	�!�Ew�lg~�p/k�nzt9p�w�t6nop ��uMp9t6{gu>mvu(w�l|nzl|��k��LuPmvuPx6�cuPlgjMuJ�

� nz�cuPl�t6{gu8~snop6t6nzlgjPt6nok=l���uPt � uMuPl��EuP{�w(�Rnok=x/pWw�lg~��|x/k=��uPx6t6nouMpWw��EkF�cuJ� � u8j(w�l
w�}op/k7~|u �glguAuPmvuPx6�cuPlRt��EuP{�w(�Rnok=x/p�t/k)�Eu8uPmvuPx6�cuPlIt��|x/k=��uPx6t6nouMpWt6{�w�t9w�x/uYt6{guPm��
p/uP}z�cuMp���uP{�wM�\nok=x/p(�
�W{guMp�u ~|u �gl|nzt6nok=lgpam�wMr1��u_�gp�uM~ t/kT��k=x6m�w�}z}zr ~|u �glgu �=w�x6nok=�gpqt
r\�EuMpqk��

p � w�x6mvp$k��%w��cuPlRt/p(� �<nzx/p6t6}zrc� � u�~|u �glgu�wap � w�x6m k��%w��cuPlIt/p$t/kq��u�wap/uPt�k��
nzlIt/uPx�w=jPt6nzl|��w��cuPlIt/p � nzt6{|nzl�wvp6rsp6t/uPm�nzl � {|noj/{�k=lgu)w��cuPlRt
��pAj/{�w�l|�cu)nzlqp6t�w�t/u
j(w�l��EuA��uPx/jMuPnz�cuM~y�Rryw�tY}ou(w=p6t9k=lguDk=t6{guPx%w��cuPlRt8w�lg~�u!�.uMjPt/p9t6{guDp/t�w�t/u>k���t6{gu
w��cuPlIt%�EuPx/jMuPnz�\nzl|��t6{gu7j/{�w�l|�cuJ� 	qk=x/uMkF�cuPx(�`t6{gu7p6�|�gp/uPt8m;�gp6t%{�wM�cu7t6{guD�|x/k=�s�
uPx6t
ryt6{�w�tYuP�cuPx6r�w��cuPlRtY{�w=pAw�t9}ou(w=p6tYk=lgu7p6t�w�t/u � {gkJp/u7j/{�w�l|�cu � nz}z}�nzl|nzt6nQw�t/u7w
jMk=lIt6nzlI��w�}gp�uPt<k��`p/t�w�t/uBj�{�w�l|�cuMpLt6{�w�t�w��.uMjPt/p�uP�cuPx6r7k=t6{guPxUw��cuPlIt�nzl)t6{guWp � w�x6m��
��uPtY�gp�mvk=x/u>x6nz�ck=x/k=�gp/}zr�~|u �glgu)w�p � w�x6m���¢R�|�|��kJp/uAt6{�w�tYt6{guDp/t�w�t/u>k���t6{gu

w��cuPlIt/p%nop8p/�EuMjPn���uM~q�Irqw�p/uPt%k��4�=w�x6nz�|}ouMp
{Si}

�Y�W{guPl�t6{gu)p/uPt8k��Bw��cuPlRt/pAnop%w
p � w�x6m n��

∂Si|(t>t0)

∂Sj |(t=t0)
6= 0

���J��� �

5 ∀i 6= j
��k=x9t6nzmvuMp

t
w�� t/uPx8p/k=mvu>x/u!��uPx/uPlgjMuDt6nzmvu

t0
���W{�w�t9nop(�gt6{�w�tYt6{gu>}Qw�t/uPx

p6t�w�t/uMp9k��Uw��cuPlIt
i
m7�gp6tY~|uP��uPlg~�k=lyt6{guDjP�|x6x/uPlRt8p6t�w�t/u>k��Uw��cuPlIt

j
�

�8�|xW~|u �gl|nzt6nok=lyk��,w;p � w�x6m ~sn���uPx/pB��x/k=m k=t6{guPx/p��Jnz�cuPl�nzl�t6{gu8}znzt/uPx�w�t6�|x/u8nzl
t6{�w�tUnzt4~|k\uMpLlgk=t4~|uPm�w�lg~�uPmvuPx6�cuPlgjMu9� x/k=m t6{gu9p6rsp6t/uPm���¥8k � uP�cuPx(�\uPmvuPx6�cuPlIt
p � w�x6mvp>w�x/u$w�}op/k�nzlIt/uPx/uMp6t6nzl|�g�Cw�lg~q��k=x6m t6{gu7��w=p6nop8��k=x%mvkJp6tAk��4t6{gu � k=x6��nzl
p � w�x6m�uPl|�JnzlguMuPx6nzl|�g�$�W{R�gp(� � u$~|u �glgu�w�p � w�x6m�k���w��cuPlIt/p)w=pDw�l_uPmvuPx6�cuPlIt
p � w�x6m k��<w��cuPlRt/p � nzt6{�x/uMp6�EuMjPt�t/k)�|x/k=�EuPx6t&r Pj

n���t6{guPr�u!�s{|nz�|nzt9w�lyuPmvuPx6�cuPlIt
�EuP{�w(�Rnok=x

bPj

� �%k=t/u�t6{�w�tLt6{|nopLmvu(w�lgpLt6{�w�tBwAp � w�x6m nopL~|u �glguM~vk=l|}zr�nzl$t/uPx6mvp
k��`wYp6��uMjPn���jB�|x/k=�EuPx6t&r � {|noj/{$r\nouP}o~|p,t6{guB��k=t/uPlIt6nQw�}s��kJp/p6nz�|nz}znzt&rDt6{�w�t�t6{gu4�Jx/k=�|�
k��Lw��cuPlRt/p9nop�lgk=t8w�p � w�x6m � nzt6{�x/uMp/�EuMjPt�t/k�w�lgk=t6{guPxY�|x/k=�EuPx6t&r Pk

�
�8lguqk��>t6{gu��|lgu!�s�EuMjPt/uM~hx/uMp6�|}zt/p�k��>t6{|nop�~|u �gl|nzt6nok=l nop�t6{�w�t�nzt�~|k\uMpvlgk=t

u!�sjP}z�g~|u�t6{gu��Ek=t/uPlRt6nQw�}znzt
r$k��Ew%jMuPlIt6x�w�}z}zr�jMk=lIt6x/k=}z}ouM~�p � w�x6m����W{gu�no~|u(w8�EuP{|nzlg~
t6{guqp � w�x6m nop�t6{�w�tyu(w=j/{1uP}ouPmvuPlRt�k��7t6{guqp � w�x6m nop�j(w���w��|}ou�k��Dnzl|nzt6nQw�t6nzl|�
wqj(w=p�j(w=~|uyk��Ap6t�w�t/u�j�{�w�l|�cuMp(�T¥8k � t6{guMp/uyw�x/u�nzl|nzt6nQw�t/uM~Tnop�lgk=t$nzm$��k=x6t�w�lIt(�
w�lg~ � uyj(w�lH}ou(wM�cu�t6{gu���kJp/p6nz�|nz}znzt
r k=�EuPlHt6{�w�t�t6{guMp/u��ckat6{|x/k=�|�J{hwajMuPlIt6x�w�}
jMk=lIt6x/k=}z}ouPx(�%�Jx/k=�|� k���w��cuPlRt/p(�Ak=x�jMk=m$m7�|l|noj(w�t6nok=l mvuMj�{�w�l|nop6m�� �W{I�gp(� � u
jP}Qw�x6n�� rft6{guMp�uqnop�p6�guMp��Irh~|u �gl|nzl|�hw ~|uMjMuPlIt6x�w�}zn��(uM~ p � w�x6m t/k �Eu�w p � w�x6m
t6{�w�t)~|k\uMpDlgk=t){�wM�cuyw�jMuPlRt6x�w�}�jMk=m$m;�|l|noj(w�t6nok=lfk=x7jMk=lRt6x/k=}WmvuMj/{�w�l|nop6m��a�
jMuPlIt6x�w�}zn��(uM~�p � w�x6m�nop9wvp � w�x6m � {|noj�{�nop�lgk=t9~|uMjMuPlRt6x�w�}zn��(uM~.�
�W{gu��Ek � uPx�k��At6{guMp/uy~|u �gl|nzt6nok=lgpvnop�t6{�w�t�nzt$nop��EkJp/p/nz�|}ou�t/k�t/uMp6t�w�p/uPt$k��

w��cuPlIt/p�nzl k=x/~|uPx�t/kH~|uPt/uPx6m$nzlgu � {guPt6{guPxyk=x�lgk=t�nzt�nop�w p � w�x6m��9n��Dnzt�nop�w
jMuPlIt6x�w�}zn��(uM~1k=x�~|uMjMuPlIt6x�w�}zn��(uM~ p � w�x6m��8w�lg~ t6{guPl � {guPt6{guPxyk=x�lgk=t�nzt�nop�w�l
uPmvuPx6�cuPlIt�p � w�x6m � nzt6{ x/uMp6��uMjPt�t/kHw p6�EuMjPn���jq�|x/k=��uPx6t
rc� �gk=x�nzlgp6t�w�lgjMuJ�9nzt
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p6{gk=�|}o~��EuAjP}ou(w�x�t6{�w�t9w)p/kRjMjMuPxWt/u(w�m nop9w)p � w�x6m��s�|�|tWnztWnopWlgk=t9w�lyuPmvuPx6�cuPlIt
p � w�x6m � nzt6{$x/uMp6��uMjPt�t/k|�=��k=x<nzlgp/t�w�lgjMuJ�ct6{gu�t/u(w�m ~snop6��uPx/p6nok=lC����u(w�m mvuPm;��uPx/p
w�x/u>�cuPx6r�}znz�cuP}zr�t/k��gp/uAt6{|nopYnzls��k=x6m�w�t6nok=l�t/k�w���uMjPt�t6{guPnzx8k � l���uP{�wM�\nok=x/p(� �8l
t6{guak=t6{guPxy{�w�lg~.�Aw p � w�x6m k��$w�lIt/p�nopyw�l1uPmvuPx6�cuPlIt�p � w�x6m � nzt6{ x/uMp6�EuMjPt
t/k���k\kR~ap/k=�|x/jMu$u!�s�|}ok=nzt�w�t6nok=lC��w=pAnztA{�w=pAt6{gu�w��|nz}znzt&rqt/k�u!�s�|}ok=nzt>lgu(w�x6�Irq��k\k\~
p/k=�|x/jMuMpD~|uMp6�|nzt/u$t6{guvw��gp�k=}z�|t/u$}Qw=j/��k��B�\lgk � }ouM~s�cu�k=l�t6{gu$��w�x6tDk��Wt6{guvw�lIt/p(�
�W{|nop)j(w�l ��u�j�{�w�x�w=jPt/uPx6n��(uM~T�Ir_mvu(w=p/�|x6nzl|�at6{gu�w�mvk=�|lItvk��Yu!�s�|}ok=nzt�w�t6nok=lTk��
u(w=j/{a��k\k\~�p/k=�|x/jMu � {guPlam;�|}zt6nz�|}ou)��kRk\~�p/k=�|x/jMuMp>w�x/u$wM�Jw�nz}Qw��|}ouJ� � }ou(w�x6}zr�t6{|nop
� ��w�lRt6nzt
rynopWlgk=t9��w�x6tYk���t6{guDjMk=lRt6x/k=}<w�}z�ck=x6nzt6{|m�k���t6{gu;w��cuPlIt/pF�

Swarm engineering
¢ � w�x6mvpYw�x/u>~sn���jP�|}zt9t/k$uPl|�JnzlguMuPxY�|x6nzm�w�x6nz}zr���uMj(w��gp/uA�Jx/k=�|�gp9k��<nzlg~|uP�EuPls�

~|uPlIt�nzlIt/uPx�w=jPt6nzl|�fw��cuPlIt/p�j(w�l u!�s{|nz�|nzt��cuPx6rfjMk=m$�|}ou!� w�lg~h�|lgu!�s�EuMjPt/uM~h�Eu!�
{�wM�\nok=x/p���k=x�wq�cuPx6r }Qw�x6�cu�lI�|m7�EuPx�k��>~sn��.uPx/uPlItvx/u(w=p/k=lgpF� 	ak=x/uMk(�cuPx(��n��8t6{gu
mvuPm;��uPx/p8k��Bw��Jx/k=�|�a{�wM�cu7p6��uMjPn���j(w�t6nok=lgpYt6{�w�t>w�x/u>m�w=~|u7nzlg~|uP�EuPlg~|uPlRt6}zrc�`nzt
nop��cuPx6r ~sn���jP�|}zt$t/ka�J��w�x�w�lIt/uMuyt6{�w�t$t6{gu�p6��uMjPn���j(w�t6nok=lgpv~|kalgk=t�nzlIt/uPx�w=jPtvnzl
w�lh�|lgu!�s�EuMjPt/uM~ � wMrc� 	qk=x/uMkF�cuPx(���|x/k(�\nzl|��t6{�w�t�t6{gu�nzlRt/uPx�w=jPt6nok=lgp��EuPt � uMuPl
t6{gu8�Jw�x6nok=�gp9w��cuPlIt/p9{�wM�cu>t6{guA~|uMp6nzx/uM~yk=�|t/jMk=mvu>k���t/uPl�x/u � �|nzx/uMpWt6{gu>jMk=m$�|}ouPt/u
p6nzm;�|}Qw�t6nok=lfk��%t6{gu��Jx/k=�|�fk��Aw��cuPlIt/p(� �,nzl�w�}z}zrc�Bp6m�w�}z}W�EuPx6t6�|x6��w�t6nok=lgpvt/kqt6{gu
p6r\p/t/uPm�� � {|noj/{aj(w��gp/uDx�w�t6{guPx%p6m�w�}z}�j/{�w�l|�cuMp%nzl�t6{gu;�EuP{�w(�Rnok=x/p8k��Lnzlg~snz�Rno~s��w�}
w��cuPlIt/p(�Jj(w�l)j(w��gp/uU�cuPx6r>}Qw�x6�cu�j/{�w�l|�cuMp<nzl;t6{guBk(�cuPx�w�}z}s��uP{�wM�\nok=x<k��|t6{gu�p6r\p/t/uPm��
�W{|nop�nop(�snzly��w=jPt(�gw)��k=�|lg~gw�t6nok=l�w�}�j/{�w�x�w=jPt/uPx6nop6t6noj)k���t6{gu ��uP}o~�k��Lj/{�w=kJp(�
�
t�nop�nzm$��k=x6t�w�lItyt/k jPx/u(w�t/u�w_lgu � mvuPt6{gk\~|k=}ok=�Jrf��k=x�t6{gua�cuPlguPx�w�t6nok=l1k��

�J}ok=��w�}��EuP{�w(�Rnok=xvnzlfw � wMr t6{�w�tv�Ir\��w=p/p/uMp�t6{guy~sn���jP�|}zt6nouMp$�|x/uMp�uPlIt/uM~T{guPx/uJ�
�_u$p/uMuP�qw�mvuPt6{gk\~�t6{�w�t>nopA�|x/k(�Jw��|}ou�nzl�t6{gu)p�uPlgp/u)t6{�w�t>t6{gu��EuP{�w(�Rnok=x/pDj(w�l
�Eu$�|lg~|uPx/p/t/kRk\~_t/k��cuPlguPx�w�t/u�t6{gu�~|uMp6nzx/uM~_�J}ok=��w�}���uP{�wM�\nok=x(�y�W{gu��cuPlguPx�w�t/uM~
�EuP{�w(�Rnok=x/p<{�wM�cu � uP}z}\�|lg~|uPx/p6t/k\kR~;t/k=}ouPx�w�lgjMuMp,��k=x,�EuPx6t6�|x6��w�t6nok=lgp � nzt6{|nzl � {|noj/{
t6{guD~|uMp6nzx/uM~y�J}ok=��w�}C��uP{�wM�\nok=x � nz}z}�p/t6nz}z}CkRjMjP�|x(�

Swarm Engineering Equations
�
l�t6{|nop�p/uMjPt6nok=lC� � u%u!�s�|}ok=x/u>~sn��.uPx/uPlIt6nQw�}�u � ��w�t6nok=lgp � {|noj/{�w�x/uAx/uP}ouP�Jw�lIt�t/k

p � w�x6m ~|uMp6nz�JlC���W{|nop7mvuPt6{gkR~ � nz}z}�w=p�p6nop6t;nzl t6{gu�~|uPt/uPx6m$nzl�w�t6nok=lTk��Yp/uP�cuPx�w�}
t6{|nzl|�cp$x/uP}ouP�=w�lRtvt/k�t6{guyk(�cuPx�w�}z}8�J}ok=��w�}��ckcw�}��T�W{gu �gx/p6t$t6{|nzl|�_lguMuM~|uM~Tnopvw
p/uPtYk��L~sn���uPx/uPlRt8��uP{�wM�\nok=x/p ��w�}op/k�j(w�}z}ouM~�j(w=p6t/uMp	����k=x9t6{gu7w��cuPlIt/p(���W{gu;p/uMjMk=lg~
t6{|nzl|��nop>t6{gu�p/uPtDk��9p/uPlgp/k=x/p;w�lg~ w=jPt6��w�t/k=x/p(� � nzt6{ � uP}z}��
~|u �glguM~ x/uMp/k=}z�|t6nok=lgp(�
¢\uPlgp/k=x/p � nzt6{�{|nz�J{guPx>x/uMp/k=}z�|t6nok=l � nzl�t6{gu$p�uPlgp/u)t6{�w�t>t6{guPraj(w�l�mvu(w=p6�|x/u$t6{gu
~|uMp6nzx/uM~��|x/k=��uPx6t
r � nzt6{�{|nz�J{guPx�w=jMjP�|x�w=jPr �Bj(w�l��EuY�gp/uM~vt/k�w��.uMjPtBt6{gu8lI�|m7�EuPx
k��8j(w=p6t/uMp(�4w=p�lgu � k=lguMp$j(w�lfuPmvuPx6�cuyw�t$~sn���uPx/uPlRtvt6nzmvuMp$~s�|x6nzl|��t6{gu�uPlIt6nzx/u
�Jx/k=�|�qw=jPt6nok=lC�U�W{|nop9nop9t6{gu>uPlIt6nzx/uDt/k=�s�
~|k � l���k=x6t6nok=l�k���t6{guD~|uMp6nz�Jl��|x/k\jMuMp/p(�
�8lgjMuYt6{guAj(w=p6t/uMpB{�wM�cuA��uMuPl��|x/k=��uPx6}zr�~|uMp6nz�JlguM~.�\t6{gu%lgu!�st�p6t/uP��nopBt/k � k=x6�

k=�|tCt6{guUp6��uMjPn���jLp/uPlgp/k=x6r>w�lg~;w=jPt6��w�t6nok=l7j(w���w��|nz}znzt6nouMp<k��st6{guUw��cuPlIt/p(���W{|nopCp6t/uP�
jMk=lgp6nop6t/p>k��B~|uPt/uPx6m$nzl|nzl|��t6{gu$w=jPt6��w�}L{�w�x/~ � w�x/u ��uPnzt6{guPx>�|{Irsp6noj(w�}Lk=xA�Rnzx6t6��w�} �
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t6{�w�t8t6{gu�w��cuPlIt/p � nz}z}<{�wM�cuJ�Et6{guPnzx%jMk=m$�|�|t�w�t6nok=l�w�}Uj(w���w��|nz}znzt6nouMpF�.jMk=m$m;�|l|noj(w��
t6nok=l�j(w���w��|nz}znzt6nouMp(�|uPt/jJ�L�W{|nop�{�w�x/~ � w�x/uAm;�gp6tWm�w��cu%nztB��kJp/p6nz�|}ou9��k=x�t6{gu>w��cuPlIt
t/k�{�wM�cu�t6{gu�p/uPlgp/k=x6r�w�lg~ jMk=m$�|�|t�w�t6nok=l�w�}Yw��|nz}znzt6nouMp)~|uPt/uPx6m$nzlguM~ nzl t6{gu�t/k=�
~|k � la��w�x6t8k��Lt6{gu;p � w�x6m ~|uMp6nz�JlC� 	akJp6t9lgk=t�w��|}zrc�`t6{gu7w��cuPlRt8m7�gp6tY{�w(�cu;t6{gu
w��|nz}znzt
r�t/k�~|uPt/uPx6m$nzlgu � {�w�t%��w�x6t8k��Ut6{gu;�|{�w=p/u7p/��w=jMuD��w�t6{�nzt8nop8k=lqnzlqk=x/~|uPx
t/k��|x/k=��uPx6}zr�~|uPt/uPx6m$nzlgu)nzt/p%�EuP{�w(�Rnok=x ��j(w=p6t/u
�!�A�W{gu;��uP{�wM�\nok=x/p%m;�gp6t>w�}op/k��Eu
~|uP�cuP}ok=�EuM~hw�t�t6{|nopvp6t/uP�C� �
�8t6{guy��uP{�wM�\nok=x/pv{�w(�cuyt6{gu�w��|nz}znzt&r t/k_mvk(�cu�t6{gu
w��cuPlIt7w�}ok=l|�yt6{gu��|x/k=��uPxDp/uMjPt6nok=l�k���t6{gu���w�t6{�t6{|x/k=�|�J{_�|{�w=p/u$p6��w=jMu$~s�|x6nzl|�
t6{guDw��|�|x/k=�|x6nQw�t/u7j(w=p6t/uA��uP{�wM�\nok=x(�|t6{gu>�J}ok=��w�}��ckcw�}�p6{gk=�|}o~y��uDw=j/{|nouP�cuM~.�

Top down
�%p�k=�|x<p6t�w�x6t6nzl|�Y��k=nzlIt � uBj/{gk\kJp/uUt6{guL�J}ok=��w�}R�ckcw�}�� �
t.nop,~|uMp/jPx6nz�EuM~;nzl;t/uPx6mvp

k��Bwvp/uPtAk��U�|x/k=�EuPx6t6nouMpAk��Ut6{gu)p � w�x6m G = {P1, . . . , Pi, . . . , PnP
}
w�lg~qt6{guPnzx

jMk=x6x/uMp6�Ek=lg~snzl|�Ynzl|nzt6nQw�}Rw�lg~ �gl�w�}Ij�{�w�x�w=jPt/uPx6nop6t6nojMp
G0 =

{

P 0
1 , . . . , P 0

i , . . . , P 0
nP

}

w�lg~
GF =

{

PF
1 , . . . , P F

i , . . . , P F
nP

} �A�W{gu)nzl|nzt6nQw�}Uw�lg~ �gl�w�}Lj�{�w�x�w=jPt/uPx6nop6t6nojMp
m�wMr��EuDlI�|mvuPx6noj(w�}��=w�}z�guMp%w=p9nzlqwvjMk=�|lIt2����w=p/uM~aj/{�w�x�w=jPt/uPx6nop6t6noj�k=x9t6{guPr�m�w(r
�Eu����|lgjPt6nok=l�w�}��Yw=p�nzl w�t6x�w �6uMjPt/k=x6rc� �W{guPrHm�wMrhw�}op/k��Eu�p/uPt/p�k��D��k=t/uPlIt6nQw�}
nzl|nzt6nQw�}�k=x �gl�w�}�p6t�w�t/uMp8k��<t6{guAt � k$��k=x6mvp(�
�8lgjMu%t6{guMp/u8nzl|nzt6nQw�}Cw�lg~ �gl�w�}�jMk=lg~snzt6nok=lgpW{�w(�cu%�EuMuPl�~|uPt/uPx6m$nzlguM~.�|nzt�nopBnzm��

�Ek=x6t�w�lRt�t/k9p6��uMjPn���r8jMk=lg~snzt6nok=lgp,�|lg~|uPx � {|noj/{7t6{gu �gl�w�}Rj�{�w�x�w=jPt/uPx6nop6t6nojMp,�EuMjMk=mvu
jMk=lgp/u � �guPlgjMuMp8k��<t6{guAnzl|nzt6nQw�}<jMk=lg~snzt6nok=lgp8w�lg~yt6{gu>p/r\p6t/uPm ~sr\l�w�m$nojMp(�
�%p/p6�|mvu�t6{�w�tA���|lgjPt6nok=l

f
� x/k=m ���J��� �8nop7w�~sn���uPx/uPlRt6nQw��|}ou�� �|lgjPt6nok=l k���t6{gu

�|x/k=�EuPx6t6nouMp
Pi
�
i = 1, . . . , np

w�lg~yt6{gu>��uP{�wM�\nok=x/p
bi
�
i = 1, . . . , nb

�U�W{guPlC�|nzl
�cuPlguPx�w�}�j(w=p/u>t6{gu%��k=}z}ok � nzl|��{gk=}o~|p

bj =
dPj

dt
=

nb
∑

i=1

∂Pj

∂bi

dbi

dt
+

np
∑

i6=j

∂Pj

∂Pi
bi.

���J��  �

�gk=x;p6nzm$�|}znojPnzt&r � u�w=p/p/�|mvu�t6{�w�t;u(w=j/{ �|x/k=�EuPx6t&r�jMk=x6x/uMp/�Ek=lg~ � nzt6{ k=l|}zr�k=lgu
�EuP{�w(�Rnok=x(�|n���uJ�z�

nP = nb
�st6{guPl

bj =
dPj

dt
=

nb
∑

i6=j

(

∂Pj

∂bi

dbi

dt
+

∂Pj

∂Pi
bi

)

+
∂Pj

∂bj

dbj

dt
.

���J��� �

�W{|nop�u!�s�|x/uMp/p/uMp.t6{guLno~|u(w�t6{�w�t�t6{guUj�{�w�l|�cuUnzlDt6{guL�|x/k=��uPx6t
r>nop,w�� �|lgjPt6nok=l7k��st6{gu
jMk=l|lguMjPt6nz�Rnzt&r_�EuPt � uMuPlHk=t6{guPx;�|x/k=��uPx6t6nouMp7k���t6{gu�p6r\p/t/uPm w�lg~_t6{gu$��uP{�wM�\nok=x/p
� {|noj/{�~|u �glgu�t6{|nopU�|x/k=�EuPx6t&rc�L�W{I�gp(� � u � nop6{$t/k �glg~�wAp/uPtUk��EjMk=lg~snzt6nok=lgpBp6�gj/{
t6{�w�t

lim
τ→∞

∫ τ

0

nb
∑

i6=j

(

∂Pj

∂bi

dbi

dt
+

∂Pj

∂Pi
bi

)

dt

+ lim
τ→∞

∫ τ

0

∂Pj

∂bj

dbj

dt
dt + P 0

j = P F
j .

���J���(� �
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�W{|nop7nop7t6{gu��cuPlguPx�w�}Wp � w�x6m uPl|�JnzlguMuPx6nzl|�_jMk=lg~snzt6nok=lC�4w�lg~�m7�gp6t)�Euv� �|}��g}z}ouM~
�IrTt6{gu���uP{�wM�\nok=x�w�lg~ p/uPlgp/k=x�p�uPt/p(� ��uP{�w(�Rnok=x/p�k��>t6{gu�p6rsp6t/uPm ~|uP��uPlg~hk=l
�EuP{�w(�Rnok=x/p)k���w��cuPlRt/p)nzl_t6{�w�t7p6rsp6t/uPm����W{gkJp/uJ��nzl t6�|x6lC�,~|uP��uPlg~�k=l w��cuPlIt/p
�
p/uPlgp/k=x/p(�smvuPmvk=x6ryp6t�w�t/uJ�|��uP{�wM�\nok=x�w�}�p6t6x�w�t/uP�Jrc�`w�lg~y�EkJp/nzt6nok=lC�

�8k=t/u�t6{�w�t>nzl_u � ��w�t6nok=l ���J��� �!��u(w=j�{�k��Wt6{gu$uPlIt6nzt6nouMp
bi
w�lg~ dbi

dt

x/uP�|x/uMp/uPlIt
t6{gu���uP{�wM�\nok=x�w=p/p/k\jPnQw�t/uM~ � nzt6{ Pi

w�lg~ nzt/p�x�w�t/u�k��Aj/{�w�l|�cuJ� �W{guMp/u��EuP{�w(�I�
nok=x/pYw�x/uDj/{�w�l|�cuMp8nzl�t6{guA�|x/k=��uPx6t
r

Pi
� � {|noj/{qj(w�l�k=l|}zr�{�w��|��uPl�t6{|x/k=�|�J{�t6{gu

w=jPt6nok=lvk��`t6{gu9w��cuPlIt/pF�L�W{|nop�nopUw%�cuPx6r;��k � uPx2���|}�u � ��w�t6nok=lC�Rw=p�nzt�nzlg~snoj(w�t/uMpU�|x/u!�
jPnop/uP}zr � {|noj�{v�EuP{�w(�Rnok=x/p�m$nz�J{RtU��uB�gp�uM~7t/k>u!�.uMjPt�t6{guW�J}ok=��w�}gj/{�w�l|�cuJ� � }ou(w�x6}zrc�
u � ��w�t6nok=l ���J���(� �Bj(w�l���uYp�w�t6nop ��uM~�nzl�wDlR�|m;��uPxWk�� � wMrsp(� � nzt6{�x/uMp/�EuMjPt�t/k;t6{gu
�=w�x6nok=�gp$nzlg~snz�\no~s��w�}9�|x/k=��uPx6t6nouMp(�T�W{gu�p6t6x/k=l|�cuPxvjMk=lg~snzt6nok=l x/u � �|nzx/uMp�p6�EuMjPn���j
j/{�w�l|�cuMp9nzlaw�}z}.�|x/k=�EuPx6t6nouMp(� ����uJ�

lim
τ→∞

∫ τ

0

dPi

dt
dt = P F

i − P 0
i .

���J��� �
�

�
lqt6{|nop8j(w=p/uJ�`u(w=j/{�k��Lt6{gu;nzlg~snz�\no~s��w�}<�|x/k=�EuPx6t6nouMpAj/{�w�l|�cuMp%nzl�wvp6��uMjPn���j � wMrc�
j(w��gp6nzl|�vt6{guDkF�cuPx�w�}z}�j/{�w�l|�cuJ�Ew=p/p6�|m$nzl|�vt6{�w�t

Pj
nopYp6nzl|�J}ou!���=w�}z�guM~.�

�_u)j(w�l�nzm�w��Jnzlgu�t6{gu�j/{�w�l|�cuv{�w��|�EuPl|nzl|�ynzl_w��|{�w=p/u�p6��w=jMuJ�.k���p�k=x6t/p(� �
l
t6{|nop��|{�w=p/uyp6��w=jMuJ�4u(w=j�{f��k=nzlIt$x/uP�|x/uMp/uPlRt/p�wap/uPt$k��8�Jw�}z�guMp���k=x�u(w=j�{hk��8t6{gu
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jMk=lIt6nzlI�gk=�gpF�)�W{guPl�w��|nouMjMu � nop/u�}znzlgu(w�x>��w�t6{ � nz}z}UjMk=l|lguMjPt>t6{gu$p6t�w�x6t6nzl|��w�lg~
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rc� �8l
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nopWnzlg~|uP�EuPlg~|uPlRtYk��<k=lgu>w�lgk=t6{guPx(��w�lg~yp/k7mvk\~sn���j(w�t6nok=l�k��,t6{|nopW�|x/k=��uPx6t
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p/uPtLm;�gp6tLmvkF�cu9t6{gu�p6rsp6t/uPm t6{|x/k=�|�J{v�|{�w=p�u�p6��w=jMuYw�}ok=l|�D�|x/k=��uPx6t
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j(w�}z}zrvt � k)~sn��.uPx/uPlIt�p/uPt/p�k��<w��cuPlRt/p � {|noj/{��EuMjMk=mvuAw=jPt6nz�cu>w�tBt6{guAw��|�|x/k=�|x6nQw�t/u
t6nzmvuMp(� �
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p6nz�|}ouJ� �&l�t6{|nop8j(w=p/uJ�gt6{gu;p � w�x6m m�wMrylgk=t9��uDjMk=lgp6t6x6�gjPt/uM~q�gp6nzl|��t6{guDp/uPlgp/k=x/p
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� �|x/k=�EuPx6t6nouMp	�;p6��uMjPn���uM~.��t6{gk=�|�J{fw���w�t6{ t6{|x/k=�|�J{fwy}Qw�x6�cuPx��|{�w=p/u�p6��w=jMu�uPls�
{�w�lgjMuM~��Ir�w�lgu � �|x/k=�EuPx6t&rym$nz�J{It8�Eu;w��|}ou;t/kvjMk=l|lguMjPt8~snop�jMk=l|lguMjPt/uM~��|{�w=p/u
p6��w=jMuMp(�
� {�w�tvt6{guMp�u�jMk=lgp6no~|uPx�w�t6nok=lgpyw�}z}ok � �gpvt/k_~|k�nop�t/k_~|uPt/uPx6m$nzlgu�� x/k=m t6{gu

�J}ok=��w�}8�|x/k=��uPx6t
rft6{guaw��cuPlIt/p
��p/uPlgp/k=x6rTx/u � �|nzx/uPmvuPlIt/p�nzlgjP}z�g~snzl|�Hx/uMp/k=}z�|t6nok=lC�
t6{gu;w��cuPlIt/p
���|{Irsp6noj(w�}�j(w���w��|nz}znzt6nouMp(��w�lg~yt6{gu>t&rR��uMp9k��4w��cuPlIt/pF�4�W{|nop9nop8w��cuPx6r
�gp/u!� �|}.p/uPt�k��<nzls��k=x6m�w�t6nok=lqw�lg~yj(w�ly��u%�gp/uM~�t/k$~|uPt/uPx6m$nzlgu>{gk � t/k��|�|nz}o~�t6{gu
p/uPt7k��%w��cuPlRt/p7��k=x)t6{gu�t�w=p/�E���W{|nop)nop7t6{gu�t/k=�s�
~|k � lT�Ek=x6t6nok=lHk��9t6{gu�p � w�x6m
uPl|�JnzlguMuPx6nzl|��mvuPt6{gk\~|k=}ok=�Jrc� �%u!�\t(� � uDjMk=lgp6no~|uPx9t6{gu>��k=t6t/k=m �|�y��k=x6t6nok=lC�

Bottom up
�8lgjMu � u � �cu � k=x6�cuM~yk=�|tWt6{gu%t/k=�s�
~|k � l�jMk=lgp6no~|uPx�w�t6nok=lgp(�gt6{gu8x/uPm�w�nzlg~|uPx�nop

x/uP}Qw�t6nz�cuP}zr�p6t6x�w�nz�J{It2��k=x � w�x/~.���W{gu�t/k=�s�
~|k � lTjMk=lgp6no~|uPx�w�t6nok=lgp$p6{gk=�|}o~ jP}ou(w�x6}zr
nzlg~snoj(w�t/u4{gk � m�w�lRr>�EuP{�w(�Rnok=x�w�}sj(w=p6t/uMp,t6{guPx/u�w�x/uJ� � {�w�t,p�uPlgp/k=x6r;w�lg~���k=x,jMk=m��
�|�|t�w�t6nok=l�w�}�j(w���w��|nz}znzt6nouMp4w�x/u�x/u � �|nzx/uM~.�cnzlgjP}z�g~snzl|�Dt6{gu�x/uMp/k=}z�|t6nok=lvk��`t6{guMp/uWp/uPls�
p/k=x6r�w�lg~�jMk=m$�|�|t�w�t6nok=l�w�}Cj(w���w��|nz}znzt6nouMp(�gw�lg~�{gk � t6{gu%~sn��.uPx/uPlIt�j(w=p6t/uMpWp6{gk=�|}o~
�Eua~|uP�|}ok(rcuM~.� �W{guax/uPm�w�nzlg~|uPxyk��;t6{gu �6k=� jMk=lgp6nop6t/p�k��7~|uP�cuP}ok=�|nzl|�fw��cuPlIt/p
� {|noj/{ymvuMuPtWt6{guMp/u8x/u � �|nzx/uPmvuPlRt/p(� �&l�t6{|nop�p6�|�gp�uMjPt6nok=lC�R{gk � uP�cuPx(� � u � }z}Cu!�|w�m��
nzlgu>t6{gu>u!��uMjPt8k��
�CuPt4�gpWw=p/p6�|mvuYt6{�w�tBk=�|xWp � w�x6m jMk=lgp6nop6t/pBk��

{NA}
w��cuPlIt/pF� �,nzx/p/t(� � uYm�w(r

w=p/p6�|mvu�t6{�w�tvt6{gu
l
t6{hw��cuPlIt
��p�p6t�w�t/u�m�w(r ��uyjMk=m$�|}ouPt/uP}zrf~|uMp/jPx6nz��uM~T�Ir nzt/p

mvuPmvk=x6r�p6t�w�t/u
ml

s

�Rnzt/pBnzlRt/uPx6l�w�}Cp6t�w�t/u
inl

s

�\nzt/pBp�uPlgp/k=x�p/t�w�t/u
sl
s

�Rnzt/p��EkJp6nzt6nok=l�w�}
p6t�w�t/u

pl
s

� � {|noj�{�u!�s�|x/uMp/p/uMpBnzt/pB�EkJp6nzt6nok=l�w�lg~�{|nz�J{guPx�~|uPx6nz�Jw�t6nz�cuMpWk��C�EkJp6nzt6nok=l �!�
w�lg~Dnzt/pC��uP{�wM�\nok=x�w�}sp6t6x�w�t/uP�Jr

kl � �%k=t/uUt6{�w�t kl m�w(r>�EuBwW���|lgjPt6nok=l7k��|t6nzmvu�w�lg~
nzt%m�w(rq��u�w��|}ou�t/k�t�w��cu$k=l�k=lgu�k��Bm7�|}zt6nz�|}ouvp6t�w�t/uMp(� 	qk=x/uMkF�cuPx(�.t6x�w�lgp6nzt6nok=lgp
m�wMrT��u�t6x6nz�J�cuPx/uM~ �Irfp/uPlgp/k=x�p6t�w�t/uMp(� �W{guPlC� � u�m�wMr u!�\�|x/uMp/p�t6{gu��J}ok=��w�}
�EuP{�w(�Rnok=x

bj
w=p�w_� �|lgjPt6nok=l k��)w�lR�|m;��uPxyk��;t6{|nzl|�cp(� �<nzx/p6t(�9t6{guqjMk=�|�|}znzl|�

�EuPt � uMuPl�w$�J}ok=��w�}��|x/k=��uPx6t
raw�lg~qw�law��cuPlRt8��uP{�wM�\nok=xYnop8~|u �glguM~.��nzlq��w�x6t(���Rr
t6{guD��kJp6nzt6nok=l�w�},p6t�w�t/u;k���t6{gu)w��cuPlIt(� �_uD~|u �glgu;t6{gu;jMk=�|�|}znzl|���EuPt � uMuPl�w��cuPlIt

l
w�lg~�t6{gu��J}ok=��w�}L��uP{�wM�\nok=x

bj
�Ir

C l
jk(p

l
s, in

l
s)
�v¢\uMjMk=lg~s}zrc� � u$~|uMp�jPx6nz�Eu�t6{gu

nzlg~snz�Rno~s��w�},�EuP{�w(�Rnok=xYk���t6{gu;w��cuPlRtY�Ir
ABl

kl(m
l
s, in

l
s, s

l
s)
�U�W{guPlC�gt6{gu;k(�cuPx�w�}z}

�EuP{�w(�Rnok=x9m�w(r��Eu>u!�s�|x/uMp/p/uM~�w=p

bj =
NA
∑

l

C l
jk(p

l
s, in

l
s)ABl

kl(m
l
s, in

l
s, s

l
s).

���J��� � �

6 �W{gu;t6x6noj��E�Et6{guPlC�`nopYt/k�jPx/u(w�t/u;��uP{�wM�\nok=x/p%t6{�w�tAw�x/u7~|uP�EuPlg~gw�lRt>k=l�x/u(w�}znop6t6noj
p/uPlgp/k=xYp6t�w�t/uMp%w�lg~ynzlIt/uPx6l�w�}�p6t�w�t/uMp � {|noj/{��|x/kF�=w��|}zr�p�w�t6nop2� r�u � ��w�t6nok=l (1.10)

�
�
lvm�w�lRr�p6t6�g~snouMp(�\u � ��w�t6nok=lgp (1.13−1.35)

w�x/u8jMk=lI�cuPx6t/uM~�t/k7w(�cuPx�w��cu%�EuP{�w(�I�
nok=x�w�}�u � ��w�t6nok=lgpF�|�Jx/u(w�t6}zryp6nzm$�|}zn�� r\nzl|�$t6{gu>x/u � �|nzx/uM~�w�l�w�}zrsp6nop(�
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� k=m7�|nzl|nzl|� u � ��w�t6nok=lgp ���J���(� ��w�lg~ ���J��� � �!� � uyk=�|t�w�nzlTt6{gu��cuPlguPx�w�}9jMk=m��

�|nzlguM~�w��cuPlIt2�
p � w�x6m u � ��w�t6nok=lgp��

lim
τ→∞

∫ τ

0

nb
∑

i6=j

(

∂Pj

∂bi

dbi

dt
+

∂Pj

∂Pi
bi

)

dt

+ lim
τ→∞

∫ τ

0

∂Pj

∂bj

dbj

dt
dt + P 0

j

= lim
τ→∞

∫ τ

0





NA
∑

l

C l
jk(p

l
s, in

l
s)ABl

kl(m
l
s, in

l
s, s

l
s)



 dt

+P 0
j = P F

j .
���J��� � �

¢ � w�x6m uPl|�JnzlguMuPx6nzl|�%nop,jMk=lgjMuPx6lguM~ � nzt6{;��w�}Qw�lgjPnzl|�At6{guMp/u4u � ��w�t6nok=lgp,}znzl|�Rnzl|�
t6{guDw��cuPlItY��uP{�wM�\nok=x/p8w�lg~�t6{guA�J}ok=��w�}�~|uMp6nzx/uM~y��uP{�wM�\nok=x/p(�

3. Swarm engineering applied to economic systems
�&l;t6{|nop�p/uMjPt6nok=lC� � u � nz}z}\t6{guMk=x/uPt6noj(w�}z}zr7u!�s�|}ok=x/u4t6{guWw��|�|}znoj(w�t6nok=l$k��gt6{guU�|x6nzls�

jPnz�|}ouMp�k��,p � w�x6m uPl|�JnzlguMuPx6nzl|�$t/k�uMjMk=lgk=m$noj>p6rsp6t/uPmvp(� �&l�p � w�x6m uPl|�JnzlguMuPx6nzl|�g�
� u�w�x/uy�|x6nzm�w�x6nz}zrHnzlRt/uPx/uMp6t/uM~fnzlf�cuPlguPx�w�t6nzl|� �Jx/k=�|�f��uP{�wM�\nok=x/pv�IrH�|t6nz}zn��Mnzl|�
j(w�x/u!� �|}Cu!�gw�m$nzl�w�t6nok=lqk���t6{gu>~|uMp6nzx/uM~y�J}ok=��w�}C��uP{�wM�\nok=x8w�lg~��gp6nzl|�$t6{|nop%w�l�w�}zrI�
p6nopWt/k)�J�|no~|u>t6{gu>~|uMp6nz�Jl�k���w��cuPlRt2��}ouP�cuP}���uP{�wM�\nok=x/p9j(w���w��|}ouDk��<�|x/kR~s�gjPnzl|�vt6{gu
~|uMp6nzx/uM~v�J}ok=��w�}`�EuP{�w(�Rnok=x������
� � {|nz}ouYt6{|nop4mvuPt6{gk\~�p6t6nz}z}`x/u � �|nzx/uMpBjMk=lgp6no~|uPx�w��|}ou
nzl|�|�|t9��x/k=m t6{guDuPl|�JnzlguMuPx(� � uD{�w(�cuD��uMuPlqw��|}ouDt/kv�gp/u>nzt9t/k�p/k=}z�cu>�|x/uP�\nok=�gp6}zr
�|lgp/k=}z�cuM~a�|x/k=�|}ouPmvpAnzla~|uP�|}okFrRmvuPlRt;k��Bp � w�x6mvp(� �
lat6{gu7�|x/uMp/uPlItDp6t6�g~src�Et6{|nop
mvu(w�lgp�t6{�w�t � u7w�x/uAnzlIt/uPx/uMp6t/uM~�nzl�u!�|w�m$nzl|nzl|��k=lgu>k=x9mvk=x/uA�J}ok=��w�},uMjMk=lgk=m$noj
mvu(w=p6�|x�w��|}ouMpqw�lg~ �|�|t6t6nzl|� t/k=�cuPt6{guPxqw mvuPt6{gkR~ k���~snzx/uMjPt6}zr m�w�l|nz�|�|}Qw�t6nzl|�
t6{guMp/uA�Iry~|uMp6nz�Jl|nzl|��p/�EuMjPn���j;w��cuPlRt9��uP{�wM�\nok=x/p(�
�&lyuMjMk=lgk=m$noj>p6rsp6t/uPmvp(�Rt6{guPx/uDw�x/u8m�w�lRr��J}ok=��w�}.mvu(w=p6�|x�w��|}ouMpF�Ui4w=j/{�k=lgu%nop

t6nouM~�t/k$}ok\j(w�}��Jw�x6nQw��|}ouMpYnzl�w$jMk=m$�|}znoj(w�t/uM~�w�lg~�lgk=ls��}znzlgu(w�x � w(rc���W{|nopYm�w��cuMp
t6{guU�|x/uM~snojPt6nok=l�k��st6{guU�J}ok=��w�}\u!�.uMjPt�k���w9p6��uMjPn���jL}ok\j(w�}I��uP{�wM�\nok=x��cuPx6rD~sn���jP�|}zt(�
�8p4w>x/uMp6�|}zt(�cnztUnop4k�� t/uPlvt6nzmvuMpBp6nzm$�|}ouPxUt/k>�|t6nz}zn��(u%w��cuPlIt2����w=p/uM~�p6rsp6t/uPmvpLt/k>�cuPt
w�l_no~|u(w�k���t6{gu�u!�.uMjPt7k��9p6��uMjPn���j$��uP{�wM�\nok=x/p(���W{gu�~sn���jP�|}zt&r � nzt6{��|t6nz}zn��Mnzl|�
w��cuPlIt2����w=p/uM~qp6r\p/t/uPmvpWnzl�t6{|nop � w(ry~|uPx6nz�cuMp���x/k=m t6{guD~sn���jP�|}zt
r�nzl�jPx/u(w�t6nzl|��w
lgu � p6rsp6t/uPm � nzt6{ p/�EuMjPn���j�~|uMp6nzx/uM~ � ��w�}znzt6nouMp �<t6{guvlgk=l|}znzlgu(w�x6nzt&r�k��9jMk=m$�|}ou!�
p6r\p/t/uPmvp>m�w��cuMpDt6{|nop)w��cuPx6r�~sn���jP�|}zt7t6{|nzl|��t/k�~|k|���8p7w�x/uMp6�|}zt(� � uv�|t6nz}zn��(u
t6{gu$p � w�x6m uPl|�JnzlguMuPx6nzl|�qmvuPt6{gkR~|k=}ok=�Jrc� � {|noj/{ ~sx�w � p>nzt/p>nzl|nzt6nQw�}4mvk=t6nz�=w�t6nok=l
� x/k=m t6{guD~|uMp/nzx/uM~y�J}ok=��w�}�k=�|t/jMk=mvuJ�
�%p;k=�|x7�J}ok=��w�}4�|x/k=��uPx6t
rc� � u�j/{gk\kJp/u�w�t6x6�|}zr�~snop6�EuPx/p�uM~_�|x/k=��uPx6t
r��qt6{�w�t

k��9t6{gu�w(�cuPx�w��cu�jMkJp/t7k��%w�jMk=m$mvkR~snzt&r w=jPx/kJp/p7�cuPlg~|k=x/p7��k=x�p�w�}ouMp)k��Yp6�EuMjPn���j
jMk=m$mvkR~snzt6nouMp(���W{|nop4�|x/k=�EuPx6t&r7nopLnzlRt/uPx/uMp6t6nzl|�;��uMj(w��gp/uWnztLmvu(w=p6�|x/uMpU{gk � m7�gj/{
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wAjMk=lgp6�|mvuPxU��wMrsp���k=xL�ckRk\~|pUw�lg~$p/uPx6�\nojMuMpLt6{�w�tBw�x/u � k=x6t6{�wAp6��uMjPn���j9w�mvk=�|lIt(�
���Ew�}z}\�cuPlg~|k=x/pLt/uPlg~)t/kAuPlg~)�|� � nzt6{vp6nzm$nz}Qw�x��|x6nojMuMp(�=t6{|nop�nzlg~snoj(w�t/uMp�t6{�w�tLuPnzt6{guPx
t6{gu)p/r\p6t/uPm nop>~|uMp6nz�JlguM~at/k�uPls��k=x/jMuvw�p6��uMjPn���j)�|x6nojMuJ�Ck=xAt6{�w�t%t6{guPx/u�nopAp/k=mvu
�Rnzlg~$k���jMk=m$m;�|l|noj(w�t6nok=l��EuPt � uMuPlv�cuPlg~|k=x/p4t6{�w�t4w�}z}ok � pUt6{guPm t/k>jMk=}z}z�g~|uJ� �_u
p6{�w�}z},p/uMu;t6{�w�t8t6{guPx/u�w�x/u)p6�EuMjPn���j7p6rsp6t/uPm ~|uMp6nz�Jlgp8t6{�w�t>w�}z}ok � t6{gu>��k=x6mvuPx8t/k
kRjMjP�|x � nzt6{gk=�|t8jMk=}z}z�gp6nok=l�k=x8w�lRr�jMk=m$m7�|l|noj(w�t6nok=la��uPt � uMuPl��cuPlg~|k=x/p(�
�_u>u!�|w�m$nzlgu>t6{gu;~|uMp6nz�Jl�k��LjMk=lgp6�|mvuPxY��uP{�wM�\nok=x8w=pYw)mvuPt6{gk\~�k��LjMk=lIt6x/k=}��

}znzl|�yt6{guvwM�cuPx�w��cuv�|x6nojMuJ���UuPlg~|k=x/p;w�x/uvmvkR~|uP}z}ouM~_w=p>�|x/k �gt>m�w��snzm$n��(uPx/p � {gk
� nz}z}9nzlgjPx/u(w=p/u�t6{guPnzxv�|x6nojMuMp � {guPlhw�}z}YuP}op/u�nop��cuP�|t�jMk=lgp6t�w�lRt(�f�W{guyx/u(w=jPt6nok=l
k��4t6{gu�jMk=lgp6�|mvuPx/p>m;�gp/t%��u)m�w=~|u)nzl�p/�gj/{_w � wMrat6{�w�t>p6}ok � jPx/uMuP�|nzl|�y�|x6nojMu
nzlgjPx/u(w=p/u�~|kRuMp8lgk=t>kRjMjP�|x(� �_u)p6{�w�}z}<p�uMu;t6{�w�t>p6��uMjPn���j)w��cuPlRtA�EuP{�w(�Rnok=x/p(�.~|u!�
p6nz�JlguM~��|x/k=�EuPx6}zrc��j(w�l�}znzm$nzt>t6{gu�w(�cuPx�w��cu$�|x6nojMuMp>t/k��|x6nojMuMp>t6{�w�t>�cuPx6rajP}okJp/uP}zr
m�w�t/j/{�t6{gu>jMkJp/tYk��<�cuPlg~snzl|��t6{gu>�|x/kR~s�gjPt(�

Vendors and consumers
�_uU��uP�Jnzl7�RrDmvkR~|uP}z}znzl|�%t6{guBm�w�nzl;��w=jPt/k=x/p<t6{�w�t�w��.uMjPt,t6{guB�cuPlg~|k=x/p<nzl;t6{guPnzx

~|uMjPnop6nok=l_t/k�w�}zt/uPx>�|x6nojMuMp;k��WjMk=m$mvkR~snzt6nouMp;t6{�w�tDt6{guPr�w�x/u$p/uP}z}znzl|�g���_u��EuP�Jnzl
� nzt6{vt6{gu9w=p/p6�|m$�|t6nok=l�t6{�w�t4w�}z}g�cuPlg~|k=x/p � nz}z}�j�{gkRkJp�u9wA�|x6nojMuW��k=x4wAjMk=m$mvkR~snzt&r
t6{�w�t�u � ��w�}op�k=x)u!�|jMuMuM~|p){|nop�k=x){guPx�jMkJp6t/p)nzlgjP�|x6x/uM~H~s�|x6nzl|��t6{gu�p�w�}ou�k��Yt6{gu
jMk=m$mvkR~snzt&rc�)�W{gu � �guMp6t6nok=l�t6{guPl�nop � {�w�t%��w=jPt/k=x/p7w���uMjPtAt6{gu$j/{�w�l|�cu�nzl�t6{gu
�|x6nojMu��
�_u��EuP�Jnzl��Ir�w=p/p6�|m$nzl|�yt6{�w�t>t6{gu��|x6nojMu$� �|lgjPt6nok=l��gp/uM~��Rr�w��cuPlg~|k=xDnopDw

jMk=m$�|}znoj(w�t/uM~�� �|lgjPt6nok=lyk��,p/uP�cuPx�w�}.~sn��.uPx/uPlIt��Jw�}z�guMp(�L�W{�w�tWnop(�R}ouPt�t6{gu8�|x6nojMu%�Eu
x/uP�|x/uMp/uPlIt/uM~aw=p

pv,c = f (m1,m2, . . . ,mn) .
���J��� � �

�W{guPlC�cu(w=j/{$k���t6{guMp/u��Jw�}z�guMp
mi

x/uP�|x/uMp/uPlRt/pUw9��w=jPt/k=x�nzl)~|uPt/uPx6m$nzl|nzl|�;t6{gu4�|x6nojMu
k��<t6{guDjMk=m$mvk\~snzt
rc�
�W{guPx/u8w�x/u9m�w�lRr$��w=jPt/k=x/pBk=lguYm$nz�J{It�nzlgjP}z�g~|uYnzl�wD~|uMjPnop6nok=lyw��Ek=�|tBt6{guYjMkJp6t

k���w%jMk=m$mvkR~snzt&r$k=xLnzl$wA~|uMjPnop/nok=l�w��Ek=�|t � {guPt6{guPxUk=xLlgk=tLt/k%nzlgjPx/u(w=p/uWt6{gu�jMkJp6t
k���wAjMk=m$mvk\~snzt
rc�U�8mvk=l|�>t6{guMp/u���w=jPt/k=x/p4w�x/uWt6{gu�~|uPm�w�lg~���k=xLt6{gu�jMk=m$mvkR~snzt&r
�
D
�!�Jt6{gu��cuPlg~|k=x
��pBw=jMjMk=�|lRtU��w�}Qw�lgjMu��

b
�!�Jt6{guWt/k=t�w�}gjMkJp6tLk���t6{gu�jMk=m$mvk\~snzt
r�t/k

t6{gu>�cuPlg~|k=x9nzlgjP}z�g~snzl|��t6{gu;jMkJp6t�t/k$�|�|t9nzt9k=l�t6{gu;p6{guP}�� ��p/��w=jMuJ�gjMkJp6t9k=�|t6}QwMrsp(�
w�lg~���uPx/p/k=l|lguP} � �

cc
�!�\w�lRrvmvuPmvk=x6n��(uM~yk=xBx/uMjMk=x/~|uM~�~gw�t�w7k���t6{gu8��w=p6t

l
jPrsjP}ouMp

�
{mj}

l
j=1

�!�\w�lg~$t6{gu9jP�|x6x/uPlRt4nzlgjMk=mvuYk���t6{gu��cuPlg~|k=x �
i
�!� �_u8w=p/p6�|mvuJ�J��k=xUt6{gu

mvk=mvuPlIt(�|t6{�w�t�t6{guMp/uDw�x/uAt6{guAm�w�nzl�u!�.uMjPt/k=x/p9k��<t6{gu>jMkJp6t�k��,t6{gu>jMk=m$mvk\~snzt
rc�
�8p � u�p6t�w�t/uM~$w��EkF�cuJ�Jk=�|x,�ckcw�}snop,t/k8u!�gw�m$nzlgu�t6{guB~sr\l�w�m$nojMpLk��gt6{gu�wM�cuPx�w��cu

�|x6nojMu7k��Up6��uMjPn���j;jMk=m$mvk\~snzt6nouMp(�Y�W{|nop8nop8t6{gu7wM�cuPx�w��cu)�|x6nojMu7k(�cuPx>w�}z}��cuPlg~|k=x/p
k��<t6{guDjMk=m$mvk\~snzt
rc� ����uJ�z�

Pa,c =
1

Nv

Nv
∑

v=1

pv,c
���J��� � �
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� {guPx/u Pa,c

nop)t6{gu�wM�cuPx�w��cu��|x6nojMu���k=x$jMk=m$mvkR~snzt&r
c
�
Nv

nop�t6{gu�lR�|m;��uPxvk��
�cuPlg~|k=x/p(��w�lg~

pv,c
nopW�cuPlg~|k=x

v
��p��|x6nojMu>��k=x�t6{guDjMk=m$mvk\~snzt
r

c
�

�&l�x/u(w�}�uMjMk=lgk=m$noj�p/r\p6t/uPmvpF��t6{gu�wM�cuPx�w��cu��|x6nojMu�k��Yw�p/�EuMjPn���j�jMk=m$mvkR~snzt&r
t
r\�|noj(w�}z}zr x/uPm�w�nzlgp�p/t�w��|}ouak=xynzlgjPx/u(w=p�uMpyk(�cuPx�t6nzmvuJ�¤¥8k � uP�cuPx(�%t6{guMk=x/uPt6noj(w�}
�|x6nojMuMp$p6{gk=�|}o~fw=jPt6��w�}z}zr ~|uMjPx/u(w=p�uyk=x$x/uPm�w�nzlfp6t�w��|}ouyk(�cuPx$t6nzmvu�w=p�t6{guyjMkJp6t
k��9�|x/kR~s�gjPt6nok=lf~|uMjPx/u(w=p/uMpF� 	ak=x/uMk(�cuPx(�Ut6{gu�m�w�x6�cuPt�nop$w=p/p6�|mvuM~ t/kq�|x/kR~s�gjMu
jMk=x6x/uMjPt6nok=lgp;t/kynzl|nzt6nQw�}z}zr���kRk=x6}zra�|x6nojMuM~_nzt/uPmvp � n���uJ�vnzt/uPmvp � {gkJp/u$�|x6nojMuMp7w�x/u
m;�gj/{�{|nz�J{guPx>t6{�w�l�t6{gu$jMkJp6tAt/k��|x/k\~s�gjMu�nzt	�!� �_u�w�x/u�nzlRt/uPx/uMp6t/uM~�nzl�~snop/jMkF�I�
uPx6nzl|� � {�w�t)t6{guvm$nzl|nzm�w�}�jMk=lg~snzt6nok=lgp$w�x/uv��k=x7jMk=lgp/�|mvuPx/p � {|noj�{ � nz}z}Bx/uMp6�|}zt
nzl jMk=m$mvk\~snzt
r��|x6nojMuMp)t6{�w�t�~|uMjPx/u(w=p/u�k=x)p6t�w��|nz}zn��(u�k(�cuPx)t6nzmvuJ�a�W{|nop7j(w�l �Eu
� x6nzt6t/uPl�m�w�t6{guPm�w�t6noj(w�}z}zr�w=p

dPa,c

dt
=

1

Nv

Nv
∑

i=1

dpv,c

dt
≤ 0.

���J��� � �

���Uwvp6nzl|�J}ou;�cuPlg~|k=x
��pY�|x6nojMuMp%p6t�w�x6tY~|uMjPx/u(w=p/nzl|�g��t6{guPlq�|lg~|uPx%jMk=m$��uPt6nzt6nz�cu;jMk=ls�
~snzt6nok=lgp(�`w�}z}C�cuPlg~|k=x/p �g�|x6nojMuMp%p6{gk=�|}o~�p6t�w�x6tY~|uMjPx/u(w=p/nzl|�g���W{|nop9��uPnzl|�vt6{gu;j(w=p/uJ�
� u�~|k=l � tvu!�s�EuMjPtvk=lgu��cuPlg~|k=x
��p$�|x6nojMuyt/k�nzlgjPx/u(w=p/u � {|nz}ouqw�lIrHk��%t6{guyk=t6{guPx
�cuPlg~|k=x/p
�g�|x6nojMuMp8~|uMjPx/u(w=p/uJ�W�8p%w�x/uMp6�|}zt(� � u;j(w�l�x/uP�|}Qw=jMu7t6{gu>x/u � �|nzx/uPmvuPlItAk��
���J��� � � � nzt6{

dpv,c

dt
≤ 0.

���J���(  �

��� � u7��uP�Jnzla�Irqw=p/p/�|m$nzl|��t6{�w�tAt6{gu7�cuPlg~|k=x/pA{�wM�cu$w�p/r\p6t/uPm�w�t6noj7mvuPt6{gk\~qt/k
t6{guPnzxL�|x6nojPnzl|�;j/{gk=nojMuMp(�It6{guPl � u9m�wMr � x6nzt/u�t6{guW�|x6nojMuMp���w=jMuM~$�Ir�jMk=lgp6�|mvuPx/p4w=p
���J��� � �!�%¡8t6nz}zn��Mnzl|��t6{gu;�Jw�x6nok=�gp%mvu(w=p6�|x/uPmvuPlIt/pDnzlg~snoj(w�t/uM~�w���k(�cuJ��t6{|nop%mvu(w�lgp
t6{�w�t

dpv,c

dt
=

∂f

∂D

dD

dt
+

∂f

∂b

db

dt
+

∂f

∂cc

dcc

dt
+

l
∑

j=1

∂f

∂mj

dmj

dt
+

∂f

∂i

di

dt
.

���J��� � �

�W{gu�t/uPx6m nzl����J��� � � ∂f
∂cc

dcc

dt
� k=�|}o~Tp/uMuPm t/kq{�w(�cu�}znzt6t6}ou�t/k�~|k � nzt6{Tt6{gu

jMk=lgp6�|mvuPx/p(�Ww�lg~Tp/k�j(w�l|lgk=tv��u�~snzx/uMjPt6}zrfw��.uMjPt/uM~H�IrTwa�EuP{�w(�Rnok=x�w�}8j/{�w�l|�cu
w�mvk=l|�_jMk=lgp6�|mvuPx/p(� �_u�t6{guPx/u!��k=x/u�nz�Jlgk=x/u�nzt$w=pvwq��k=t/uPlIt6nQw�}9~|uMp6nz�JlH��k=nzlIt(�
�8l�t6{gu;k=t6{guPx%{�w�lg~.�`nztYnop8nzlIt/uPx/uMp6t6nzl|��t/kvlgk=t/u7t6{�w�t db

dt

nopYt6{gu;x�w�t/u)w�t � {|noj/{
t6{guy��w�l|�fw=jMjMk=�|lIt�j/{�w�l|�cuMp(� �W{I�gp(� � u�no~|uPlIt6n���rHt6{|nop � nzt6{ t6{guy�|x/k �gt(� �
�
�|x/k �gt9nop

Pr
t6{guPlC�

Pr (t) =
db

dt
= D (t) (f (t) − cc (t)) .

���J���J� �

� {guPx/u D (t)
x/uP�|x/uMp/uPlRt/pYt6{gu>lR�|m;��uPx8p/k=}o~��EuPx9t6nzmvuD�EuPx6nok\~.� 	ak=x/uMk(�cuPx(�`t6{|nop

�|x/k �gt ��}okJp/p�m�wMr���u9mvuPmvk=x6n��(uM~��Rr�t6{guAw��cuPlIt(�|w���uMjPt6nzl|����uP{�wM�\nok=x(� �gk=x�u(w=j/{
�cuPlg~snzl|��w��cuPlIt(��t6{gu>�EuP{�w(�Rnok=x8j(w�ly�EuD~sn��.uPx/uPlIt(�g�|�|t9nzly�cuPlguPx�w�}

mk (t) = Pr (t − ktp) = D (t − ktp) (f (t − ktp) − cc (t − ktp))
���J��� �
�
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� {guPx/u tp

x/uP�|x/uMp/uPlRt/pAwvt6nzmvuD��uPx6nokR~aw�lg~
k
x/uP�|x/uMp�uPlIt/p%t6{gu;p6��uMjPn���jDmvuPmvk=x6r

uP}ouPmvuPlItA�EuPnzl|��p6t/k=x/uM~.�
k
t
r\�|noj(w�}z}zr�x6�|lgp9��x/k=m

1
t6{|x/k=�|�J{

Nm
��t6{gu7lI�|m7�EuPx

k��<mvuPmvk=x6ryuP}ouPmvuPlIt/p8�gp/uM~�nzlyt6{guA���|lgjPt6nok=lC�
¢RnzlgjMu � uyw�x/u�u!�gw�m$nzl|nzl|�_jMk=lg~snzt6nok=lgp�t6{�w�t�m�w��cu dpv,c

dt

w�lgk=ls��nzlgjPx/u(w=p6nzl|�
� �|lgjPt6nok=lhk��>t6nzmvuynzlht6{gu�w��gp/uPlgjMu�k��Anzls£`w�t6nok=l w�lg~fp/�|�|�|}zr �Jw�x6nQw�t6nok=lgp(� � u
� w�lIt

0 ≥
∂f

∂D

dD

dt
+

∂f

∂b

db

dt
+

∂f

∂cc

dcc

dt
+

∂f

∂mp/l

dmp/l

dt
+

∂f

∂i

di

dt
.

���J���J� �

�8pYw)x/uMp/�|}zt(� � u>{�w(�cu>t6{�w�t

∂f

∂D

dD

dt
≤ −

(

∂f

∂b

db

dt
+

∂f

∂cc

dcc

dt
+

∂f

∂mp/l

dmp/l

dt
+

∂f

∂i

di

dt

)

���J��� � �

�
lgp/uPx6t6nzl|��t6{guDx/uMp6�|}zt/p8k�� ���J���J� �Yw�lg~ ���J��� �
�Wx/uP�cu(w�}op8t6{�w�tYt6{gu7w=jPt6��w�}C��k=x6m�k��
t6{|nop9u � ��w�t6nok=l��EuMjMk=mvuMp

∂f

∂D

dD

dt
≤ −

(

∂f

∂b
(D (t) (f (t) − cc (t))) +

∂f

∂cc

dcc

dt
+

∂f

∂i

di

dt

)

−

(

∑

k

[

∂f

∂mp/l
D (t − ktp) (f (t − ktp) − cc (t − ktp))

])

���J��� � �

�
lat6{gu�j(w=p/u;t6{�w�tAt6{gu)�cuPlg~|k=x>p6nzm$�|}zr�x/u(w=jPt/pAt/k�jP�|x6x/uPlItDjMk=lg~snzt6nok=lgpF��t6{gu7x/u!�
}Qw�t6nok=l�t�w��cuMp9t6{gu%��k=x6m

∂f

∂D

dD

dt
≤ −

(

∂f

∂b
(D (t) (f (t) − cc (t))) +

∂f

∂cc

dcc

dt
+

∂f

∂i

di

dt

)

.
���J��� � �

�8k � � � uDu!�gw�m$nzlgu ���J��� � ��t/k�~|uPt/uPx6m$nzlguDt6{gu%��k=x6m�k��
f
�

� �
�7t6{gu�jMkJp6tyt/k t6{gu��cuPlg~|k=xynzlgjPx/u(w=p/uMpF�Ynztynop�x/u(w=p/k=l�w��|}ou�t/kTu!�s��uMjPt�t6{gu
�cuPlg~|k=x8t/k$uPnzt6{guPx9nzlgjPx/u(w=p/uDk=xY{gk=}o~�p6t/u(w=~sr�nzt/p��|x6nojMuMp(�U�W{�w�t9nop

dcc

dt
> 0 ⇒

∂f

∂cc
> 0.

���J��� � �

� �
�.t6{gu9nzlgjMk=mvuYnzlgjPx/u(w=p/uMp(�\k=lguYj(w�l�nzls��uPxUt6{�w�tBt6{guY~|uPm�w�lg~�w�tBw>��w�x6t6nojP�|}Qw�x
�|x6nojMu%{�w=p�nzlgjPx/u(w=p/uM~.�L�W{guPx/u!��k=x/uJ�s�IrvnzlgjPx/u(w=p/nzl|�)t6{gu8�|x6nojMuJ�st6{gu8�|x/k �gt � nz}z}
nzlgjPx/u(w=p�uJ�4�W{I�gpF� � uDu!�s��uMjPt�t6{�w�t

∂f

∂i
> 0.

���J��� � �
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� �
���|x/k �gt4nzlgjPx/u(w=p/uMp(�\k=lgu9j(w�lvnzls��uPxUt6{�w�tBt6{gu9~|uPm�w�lg~�w�t�wA��w�x6t6nojP�|}Qw�x4�|x6nojMu
{�w=p;nzlgjPx/u(w=p/uM~.�v�W{guPx/u!��k=x/uJ���Rr�nzlgjPx/u(w=p6nzl|��t6{gu$�|x6nojMuJ�,t6{gu$�|x/k �gt � nz}z}Unzls�
jPx/u(w=p�uJ�U�W{I�gp(� � uDu!�s�EuMjPtYt6{�w�t

∂f

∂b
> 0.

���
�Bt6{gu�~|uPm�w�lg~�nzlgjPx/u(w=p/uMp(��t
r\�|noj(w�}z}zrat6{gu��|x6nojMuvnzlgjPx/u(w=p/uMp(�$�W{guPx/u!��k=x/u � u
u!�s��uMjPt9t6{�w�t

∂f

∂D
> 0

�W{guMp�u>x/uMp6�|}zt/p�t/k=�cuPt6{guPx8�Jnz�cu>�gp�t6{�w�t

dD

dt
≤ −

1
∂f
∂D

(

∂f

∂b
(D (t) (f (t) − cc (t))) +

∂f

∂cc

dcc

dt
+

∂f

∂i

di

dt

)

−

(

∑

k

[

∂f

∂mp/l
D (t − ktp) (f (t − ktp) − cc (t − ktp))

])

���J���J  �

k=x�nzl�t6{gu>j(w=p/u>t6{�w�t9t6{guDw��cuPlRt/p%w�x/uA�|�|x/uP}zr�x/u(w=jPt6nz�cu

dD

dt
≤ −

1
∂f
∂D

(

∂f

∂b
(D (t) (f (t) − cc (t))) +

∂f

∂cc

dcc

dt
+

∂f

∂i

di

dt

)

.
���J��� � �

�_uD{�wM�cu �2�gp6t��|x/k(�cuM~�t6{guA��k=}z}ok � nzl|�vt6{guMk=x/uPm��

Theorem 3.1
�
�,t6{gu>jMk=lg~snzt6nok=l�nzlyu � ��w�t6nok=lgp ���J���J  �Wk=x����J��� � �WjMk=lRt6nzlI��w�}z}zr

{gk=}o~|p(�st6{guPl�t6{gu>�|x6nojMu � nz}z}��EuA��k=�|lg~|uM~�w���k(�cuJ�

�W{guMp�u�}Qw=p6t)t � k�u � ��w�t6nok=lgp7�Jnz�cu�t6{gu�}znzm$nzt/p�k��9t6{gu���uP{�wM�\nok=x�k��Yt6{gu�jMk=ls�
p6�|mvuPx%w��cuPlRt/p8nzlawvp6rsp6t/uPm jMk=m$��kJp/uM~qk���t6{gu;�cuPlg~|k=xAw�lg~qjMk=lgp6�|mvuPx>w��cuPlIt/p
k=l|}zrc� �&t<nzlg~snoj(w�t/uMpLt6{�w�t�t6{gu�jMk=lgp6�|mvuPxUw��cuPlIt/pLm7�gp6tLx/uMp6��k=lg~ � nzt6{vw%~|uMjPx/u(w=p/u
nzl�t6{guD~|uPm�w�lg~���k=xYw�jMk=m$mvkR~snzt&r � {|noj/{�nopY�Jx/u(w�t/uPxYnzl�m�w��Jl|nzt6�g~|u7t6{�w�l�t6{gu
m�w��Jl|nzt6�g~|u;k���t6{guAx6nz�J{ItY{�w�lg~�p6no~|u>k���u � ��w�t6nok=lgp ���J���J  �9w�lg~ ���J��� � �!�U�W{|nop�nop
wAp/uP�cuPx/u�~|uMp6nz�Jlvx/u � �|nzx/uPmvuPlIt�k=l$t6{gu�jMk=lgp6�|mvuPxBw��cuPlIt/pF�L¥8k � uP�cuPx(�sw=p � u � nz}z}
p/uMuWnzlvt6{gu�lgu!�st4p/uMjPt6nok=lC�\p6rsp6t/uPmvpUjMk=lIt�w�nzl|nzl|��jMk=lgp6�|mvuPxBw��cuPlRt/p � {|noj�{v��k=}z}ok �
t6{guMp/u�x/uMp6t6x6nojPt6nok=lgpU~|k%t/uPlg~�t/k%{�wM�cuWt6{guW~|uMp6nzx/uM~��J}ok=��w�}gj/{�w�x�w=jPt/uPx6nop/t6nojMp(� � {|nz}ou
t6{gkJp/uAt6{�w�tY~|k$lgk=t�t/uPlg~yt/kv{�wM�cuDp6nz�Jl|n���j(w�lRt6}zry{|nz�J{guPx9t/k$x6�|ls�&w � wMry�|x6nojMuMpF�

Design of consumer agents
�8�|x8�|x6nzm�w�x6r�jMk=lgjMuPx6l�nopYt6{�w�tYt6{guDjMk=lgp6�|mvuPxAw��cuPlIt/p%�|x/k(�Jw��|}zry��uP{�wM�cuDnzl

p6�gj/{Tw � wMr_t6{�w�t)t6{gu��J}ok=��w�}�wM�cuPx�w��cu��|x6nojMu�x/uPm�w�nzlgp)�Ek=�|lg~|uM~Hw��EkF�cuJ� �_u
{�wM�cu8w�}zx/u(w=~sr�p/uMuPlvnzl�p�uMjPt6nok=l��s���9t6{�w�tBn��.t6{guYjMk=lg~snzt6nok=lgpBnzl�u � ��w�t6nok=lgp ���J���J  �
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w�lg~ ���J��� � ��w�x/u�k=��uPrcuM~.�Ut6{gu��ckcw�} � nz}z}W�Euyw=j�{|nouP�cuM~.� �W{�w�tvjMk=m$�|}ouPt/uMp$t6{gu
t/k=�s�
~|k � l �Ek=x6t6nok=l k��9t6{gu�~|uMp6nz�Jl_�|x/k=�|}ouPm�� �_u$lgk � {�wM�cu�w�l�uPl|�JnzlguMuPx6nzl|�
x/u � �|nzx/uPmvuPlRt � nzt6{ � {|noj�{;t/k � k=x6�E� �_uUj(w�lDlgk � ��uP�JnzlDt6{guL��k=t6t/k=m����|�;�|{�w=p/uJ�
�
lqt6{|nop8lgu � �|{�w=p/uJ� � u7m7�gp6tA�cuPlguPx�w�t/u$w��cuPlIt/p>t6{�w�tAp�w�t6nop2��ryt6{|nop%x/u � �|nzx/u!�

mvuPlIt(� �W{guy�cuPlguPx�w�}Yp/k=}z�|t6nok=l t/k�t6{guy�cuPlguPx�w�}Yu � ��w�t6nok=lh�Jnz�cuPlfnzl ���J��� � ��n��
∂f
∂i = dcc

dt = 0
� ∂f

∂D = α, and∂f
∂b = γ

�st6{gu>�cuPlguPx�w�}�p/k=}z�|t6nok=l�nop

D = e
−
∫ t

0
−

γ
α

(f(t′)−cc(t′))dt′
.

���J� �J� �

�8pWw>x/uMp6�|}ztWk���t6{|nopB�cuPlguPx�w�}.p/k=}z�|t6nok=lC�\nztBnop�jP}ou(w�x6}zrvt6{gu%j(w=p/uYt6{�w�t(�\nzl�k=x/~|uPxBt/k
x/u(w=jPt<jMk=x6x/uMjPt6}zr7nzl7t6{guBlgu!�\t<t6nzmvu4� x�w�mvuJ�Jk=�|xLw��cuPlIt/p<m;�gp/t<{�w(�cu�t6{guU��k=}z}ok � nzl|�
j(w���w��|nz}znzt6nouMp(�

�T�W{gu7w��cuPlIt/p8m;�gp6t���u;w��|}ouAt/k$mvu(w=p6�|x/uDt6{gu>�|x6nojMuDk���t6{gu>jMk=m$mvkR~snzt&rc�

� �W{gu7w��cuPlIt/p8m;�gp6t9��uDw��|}ou>t/k$mvu(w=p/�|x/u>t6{guD~|uPm�w�lg~���k=x�t6{guDjMk=m$mvk\~snzt
rc�
�&l�k=�|x,p6nzm7�|}Qw�t6nok=lgp(�Jnzt<nop<w9�ckRk\~;uMp6t6nzm�w�t/uBt/k8�Rlgk � k=lgu ��p�k � l)�|x/k=��w��|nz}znzt
r
k��C�|�|x/j�{�w=p6nzl|��t6{gu8jMk=m$mvk\~snzt
r�w�lg~�m7�|}zt6nz�|}zrRnzl|���Ir$t6{gu8��k=�|�|}Qw�t6nok=l�p6n��(uJ�

� �W{guWw��cuPlIt/p�m7�gp6t<�Eu�w��|}ou4t/kAw=jMjP�|x�w�t/uP}zr;uMp6t6nzm�w�t/uBt6{guBjMkJp/t,t/kYt6{gu4�cuPlg~|k=x(�

�W{I�gp(�4w�}z}�w��cuPlIt/p�m7�gp6t�{�wM�cu�t6{|nop$j(w���w��|nz}znzt
rc��w�lg~ t6{guPnzx7��uP{�wM�\nok=x�m;�gp6t
�Eu>k=lgu7k��<t6{|nop9��w�m$nz}zr�k��L�EuP{�w(�Rnok=x/p(� �_uDj(w�l � x6nzt/uDt6{|nop8w=pYw�l��|��~gw�t/u>x6�|}ouJ�
�W{|nop��EuMjMk=mvuMp

Di+1 = Di

(

1 −
γ

α
(fi − cci

)

)

.
���J� � �
�

�W{|nop9u � ��w�t6nok=l��|lg~|uPx/p/jMk=x/uMp9t6{guAno~|u(w�t6{�w�tYt6{gu>~|uPm�w�lg~ � nz}z}.x/uPm�w�nzlqjMk=ls�
p6t�w�lIt � {guPl1t6{gu��|x6nojMu�nop�lgu(w�xyt6{gu�jMkJp6t(� ¥8k � uP�cuPx(�Dw=p�t6{gu��cuPlg~|k=x/p � nz}z}
jMk=lgp6t�w�lIt6}zr��Eu%t6x6r\nzl|�$t/k)nzlgjPx/u(w=p/uAt6{guA�|x6nojMuJ�gw�lg~�t6{guAjMk=lgp6�|mvuPx/p � nz}z}.��u8x/u!�
w=jPt6nzl|�7t/k;nzlgjPx/u(w=p/uMp(�Rt6{gu8w=jPt6��w�}.wM�cuPx�w��cu%�|x6nojMu � nz}z}E�Eu9�Jx/u(w�t/uPxBt6{�w�l�t6{guYjMkJp6t
t/k;�cuPlg~|k=x/p(� �&t4nop � k=x6t6{�lgk=t6nzl|�g�sk���jMk=�|x/p/uJ�\t6{�w�t�nzl�t6{gu8x/u(w�} � k=x6}o~.�st6{|nopBjMkJp6t
nop8x/uP�|}Qw=jMuM~a�Rrqw��cuPx6r��Ek\k=x6}zr�~|u �glguM~algk=t6nok=l�k��4t6{gu��!�=w�}z�gu��7k���w�l�k=���2uMjPt(�
¢RnzlgjMu�jMk=lgp6�|mvuPx/p${�w(�cuylgk�no~|u(ws�4nzlh�cuPlguPx�w�}��4{gk � m;�gj�{ w�p6��uMjPn���jyk=���2uMjPt
w=jPt6��w�}z}zr�jMkJp6t/p9nzl�x/u(w�},t/uPx6mvp(�gt6{guPrym7�gp6tY�J�guMp�p8w���k=�|t9nzt
��pY�Jw�}z�guJ��¥8k � uP�cuPx(�
~|uMp6�|nzt/uLt6{|nopCnz�Jlgk=x�w�lgjMu!�
~sx6nz�cuPl)nzls£`w�t6nok=lC�=t6{guL�|x6nojMuMp(��k=lgjMuUu � �|nz}znz�|x�w�t/uM~.��m;�gp6t
x/uMp6�Ek=lg~�t/kvt6{guDp�w�mvuAt
r\��uDk�����k=x/jMuJ�
�
l�t6{gu�lgu!�stDp/uMjPt6nok=lC� � u$~|uMp�jPx6nz�Eu$k=�|xDp6nzm7�|}Qw�t6nok=l w�lg~�t6{gu���uP{�wM�\nok=x/pDk��

t6{gu4w��cuPlIt/p,j(w�x6x6rRnzl|�Yk=�|t�x/uP�Eu(w�t/uM~7jPr\jP}ouMpCk��snzlIt/uPx�w=jPt6nok=lgp,��uPt � uMuPl�jMk=lgp6�|mvuPx/p
w�lg~v�cuPlg~|k=x/p(� �_u8�cuPlguPx�w�t/u%w>��w�m$nz}zrvk��.��uP{�wM�\nok=x/p���w�x�w�mvuPt6x6n��(uM~��Rr�wDp6m�w�}z}
lI�|m;��uPxLk��g��w�x�w�mvuPt/uPx/p(�U¢\k=mvuU�Jw�}z�guMp,k��gt6{guB��w�x�w�mvuPt/uPx/p<�cuPlguPx�w�t/u��EuP{�w(�Rnok=x/p
t6{�w�tAk=��uPr�t6{gu)x/u � �|nzx/uPmvuPlIt/p7k�� ���J��� � �%w�lg~�p/k=mvu�~|k�lgk=t(���_u�u!�\�|}ok=x/u�t6{gu
u!��uMjPt/pUk���t6{guMp/u���w�x�w�mvuPt/uPx/p�w�lg~v~|uPmvk=lgp6t6x�w�t/uYt6{�w�tLt6{guPr)r\nouP}o~�t6{gu9u!�s�EuMjPt/uM~
�J}ok=��w�}C�EuP{�w(�Rnok=x/pF�
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4. Simulation Design

�_u)u!�gw�m$nzlgu7k=�|x8t6{guMk=x/uPt6noj(w�}<x/uMp/�|}zt/pY�gp6nzl|��wvjMk=m$�|�|t/uPx>p6nzm7�|}Qw�t6nok=lqt6{�w�t
jMuPlIt/uPx/p8w�x/k=�|lg~�t6{gu>nzlIt/uPx�w=jPt6nok=lgp8�EuPt � uMuPlqt � kvt
r\�EuMp9k��Uw��cuPlIt/p �UjMk=lgp6�|mvuPx/p
w�lg~��cuPlg~|k=x/p(� �8�|xWp6nzm7�|}Qw�t6nok=l����|lgjPt6nok=lgp��Ir�jPx/u(w�t6nzl|��x/uP��u(w�t/uM~�nzlRt/uPx�w=jPt6nok=lgp
�EuPt � uMuPl t6{guvjMk=lgp6�|mvuPx/p�w�lg~_�cuPlg~|k=x/p�w=pDt6{guPr�}ou(w�x6l w�lg~�x/u(w=jPtDt/k�jMuPx6t�w�nzl
p6nzt6��w�t6nok=lgp ��� ���
� �UuPlg~|k=x/p7{�wM�cu�jMk=m$mvkR~snzt6nouMp)t/k�p/uP}z}���w�lg~ w�x/u�~|uMp6nz�JlguM~_t/k
m�w��\nzm$n��(u��|x/k �gt(� � k=lgp6�|mvuPx/pD�|�|x/j/{�w=p/uvjMk=m$mvk\~snzt6nouMp>��x/k=m �cuPlg~|k=x/pD�gp6nzl|�
mvk=lguPr��|x/k(�\no~|uM~ t/kat6{guPm �Rr �6k=�gp(�Uw�lg~Tw�t6t/uPm$�|t$t/kam�w��\nzm$n��(u�jMk=lgp6�|m$�s�
t6nok=lC���W{gu;p6nzm7�|}Qw�t6nok=la�|x/k\jMuMuM~|p8�Iryx/uP��u(w�t/uM~��&p/uMp�p6nok=lgp��D~s�|x6nzl|� � {|noj�{ajMk=ls�
p6�|mvuPx/pL�\nop6nzt��cuPlg~|k=x/p(�IuP�Jw�}z��w�t/u � {�w�tUt6{guW�cuPlg~|k=x/p4{�wM�cu�t/k>k��.uPx(�Rw�lg~$~|uMjPno~|u
� {guPt6{guPx)k=xDlgk=t)t/ky�|�|rc� �UuPlg~|k=x/p)x/uMp6��k=lg~_t/k�j�{�w�l|�cuMp)nzl�t6{guPnzx;�|x/k\~s�gjPt/p
�
m�w�x6�cuPt�w��|nz}znzt
ry�Iryj�{�w�l|�Jnzl|���|x6nojMuMp9nzl�w�law�t6t/uPm$�|t9t/k$nzlgjPx/u(w=p/u>t6{guPnzxY�|x/k �gt(�

�&lqk=�|xAp6nzm7�|}Qw�t6nok=lC�`m�w�lRr�~|uPt�w�nz}op%jMk=mvu;nzlRt/k��|}Qw(rc� �Wk=t6{ajMk=lgp/�|mvuPx/p%w�lg~
�cuPlg~|k=x/pU{�wM�cuYmvuPmvk=x6r � {|noj/{�{guP}z��t6{guPm ~|uMjPno~|uYk=l$t6{|nzl|�cp�p6�gj�{�w=p � {|noj/{�k��
t6{gu>k=t6{guPx9jP}Qw=p/p�k���w��cuPlRt/p�t/k$~|k)�|�gp6nzlguMp/p � nzt6{C�|{gk � t/k)j�{�w�l|�cu>�|x6nojMuMp(�|uPt/jJ�z�
w�lg~�{gk � t/k)x/uMp6�Ek=lg~�t/k�jP�|x6x/uPlRt9k���uPx6nzl|�cp ���(���
� �&l�t6{guAjMk=m$nzl|��p6�|�gp/uMjPt6nok=lgp(�
� u�u!�\�|}Qw�nzl t6{guMp/uvnzl ~|uPt�w�nz}���nzlgjP}z�g~snzl|�qmvk=t6nz�Jw�t6nzl|�_w=p/p6�|m$�|t6nok=lgp7�Ek=x6x/k � uM~
� x/k=m uMjMk=lgk=m$nojWt6{guMk=x6rc� �8�|x��ckcw�}|nop�t/k%t/uMp6tLk=�|xLmvuPt6{gkR~�k��E~|uMp/nz�Jl|nzl|�;w��cuPlIt/p
� {gkJp/u;nzlRt/uPx�w=jPt6nok=lgp>�|x/k\~s�gjMu�w�~|uMp6nzx/uM~q�J}ok=��w�}��ckcw�}���l�w�mvuP}zr�t6{gu�jMk=lIt6x/k=}Lk��
t6{guWw(�cuPx�w��cu��|x6nojMu�k��Ew%jMk=m$mvk\~snzt
rc� �_uW~|uMp/jPx6nz��uJ�Jnzlvw=~|~snzt6nok=l$t/k%t6{gu9w��cuPlIt/p
�
~|uMp6nz�Jlgp(�st6{gu>t/k\k=}op��gp/uM~�t/kvuP�Jw�}z��w�t/u>t6{guA���|lgjPt6nok=l�k���t6{gu>p6rsp6t/uPm��



22

Begin
Create

Environment
Create tools

set iteration
bankrupt
vendors

.
until

vendorassigned

Consumer

satisfaction
calculates

Purchase

Purchase

Consumer
update memory

memoryupdate

Consumermemoryupdate
Vendor

consumer is

memoryupdateNo

No vendor

user−defined
iteration
After True Consumersacquire

salary

Vendors restockingprocess

Print finalprices End

False

��� �����	��

� ��������� ��� �������������	����� ��!�"#�$���&%��('*)�+�,�-

Vendors
�8p$p/k\k=lfw=pv� ��i�¢ nop$u!�suMjP�|t/uM~.�Bt6{guy�|x/k\~s�gjPt/p�w�x/u�w=p/p6nz�JlguM~fwax�w�lg~|k=m

jMkJp6t(� iBw=j/{1�cuPlg~|k=xyp/uP}z}op�w�p6nzl|�J}ouajMk=m$mvk\~snzt
rc�Aw�lg~ p�k_m;�gp/tyw=p�p6nz�Jl w�lg~
m�w�l�w��cu�t6{gu��|x6nojMu�k��Yt6{gu�p6nzl|�J}ou�jMk=m$mvkR~snzt&rc��i4w=j/{T�cuPlg~|k=x$j(w�}ojP�|}Qw�t/uMp�nzt/p
k � l m$nzl|nzm;�|m �|x6nojMuJ� �&l|nzt6nQw�}z}zrc�,t6{gu��|x6nojMu�nop7p/uPt)w�t7t � nojMu�t6{gu�jMkJp/t;t/k�t6{gu
�cuPlg~|k=x(�<�8}z}It6{guB�|x/k �gt/p<m�w=~|uU��x/k=m w8jMk=m$�|}ouPt/uM~)u!�sj�{�w�l|�cuBnop<~snzx/uMjPt6}zr7w=~|~|uM~
t/k8t6{gu��cuPlg~|k=x
��pL��w�l|��w=jMjMk=�|lIt(�It6{guBt/k=t�w�}gw�mvk=�|lRt4k���mvk=lguPr)t6{�w�t<t6{gu��cuPlg~|k=x
{�w=p(�L�W{gu%�cuPlg~|k=x � nz}z}�x/uMp6t/kRj���nzt/pWnzlR�cuPlIt/k=x6r � {guPlyt6{gu%lI�|m;��uPxYk��<�|x/kR~s�gjPt/p
nzt>{gk=}o~|pAx/u(w=j/{guMp7w��gp�uPxA~|u �glguM~_lI�|m;��uPxDn���t6{guPx/u�nop>uPlgk=�|�J{_mvk=lguPrqnzl�t6{gu
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��w�l|��t/k7�|�|x/j/{�w=p/u>mvk=x/u%�|x/k\~s�gjPt/p(� �
��t6{gu%�cuPlg~|k=xW��w�nz}op�t/k)x/uMp6t/k\j/���gp/nzl|�)t6{gu
w�mvk=�|lItAk���mvk=lguPrynzlqt6{guD��w�l|���gt6{guPlqt6{�w�tY�cuPlg~|k=xYnop8jMk=lgp6no~|uPx/uM~q��w�l|�Rx6�|�|t
w�lg~fnop�x/uPmvk(�cuM~ � x/k=m t6{gu���k\k=}Yk��D�cuPlg~|k=x/p(� �%p�w_x/uMp6�|}zt(��t6{gu���w�l|�Rx6�|�|t
�cuPlg~|k=x$lgk�}ok=l|�cuPx$��w�x6t6nojPnz��w�t/uMp$nzlTt6{gu�nzlIt/uPx�w=jPt6nok=lgp��EuPt � uMuPlf�cuPlg~|k=x/p�w�lRr
jMk=lgp6�|mvuPx(�
iBw=j/{H�cuPlg~|k=x
��p)�ckcw�}Bnop7t/k�m�w��snzm$n��(u�nzt/p7�|x/k �gt)�Ir w�lIr_mvu(w�lgp(�q�9��t/uPx)w

�gp/uPx2�
~|u �glguM~TlI�|m7�EuPx�k��8nzt/uPx�w�t6nok=lgp(��n��%t6{gu��cuPlg~|k=xv{�w=p$m�w=~|uymvk=x/u��|x/k �gt
t6{�w�lTnztv~sno~TnzlTt6{gu��|x/uP�Rnok=�gpv�EuPx6nok\~.�4t6{gu��|x6nojMuMp�k��8t6{guy�cuPlg~|k=x
��pv�|x/kR~s�gjPt
w�x/u>nzlgjPx/uPmvuPlIt/uM~q�Ir�w$jMk=lgp6t�w�lRt(���gp�uPx9~|u �glguM~���uPx/jMuPlIt�w��cu)k��<t6{gu>�|x/k\~s�gjPt
��p
jMkJp6t(���W{|nop7�|x6nojMu��|��~gw�t/u�x6�|}ou�jMk=mvuMp)��x/k=m t6{guyw=p/p/�|m$�|t6nok=l t6{�w�t)�cuPlg~|k=x/p
� nz}z}4u!�\��uMjPt>t6{guvp�w�mvuvlI�|m;��uPx ��k=x;lgu(w�x6}zrat6{gu�p�w�mvu$lI�|m7�EuPx	�Dk����|x/kR~s�gjPt/p
t/k�p/uP}z},t6{gu;lgu!�st%�EuPx6nok\~.�Y� p6}znz�J{RtAnzlgjPx/u(w=p/u7k��U�|x6nojMu � nz}z}<nzlgjPx/u(w=p/u7t6{gu;t/k=t�w�}
�|x/k �gt(� � k=lR�cuPx/p/uP}zrc�Rn��Et6{guW�cuPlg~|k=xU{�w=pUm�w=~|u�}ouMp/pL�|x/k �gt(�InztLx/uM~s�gjMuMpUnzt/pL�|x6nojMuMp
�Ir�t6{gu�p�w�mvu���uPx/jMuPlIt�w��cuJ�q�W{|nop;��uP{�wM�\nok=x)k��9~|uMjPx/u(w=p6nzl|�at6{gu��|x6nojMu�~|uPx6nz�cuMp
� x/k=m t6{guvw=p/p/�|m$�|t6nok=l_t6{�w�t>t6{gu$�cuPlg~|k=x � nz}z}Up/uP}z}Lmvk=x/u�t6{guvlgu!�\t>��uPx6nokR~��Rr
p6}znz�J{It6}zry~|uMjPx/u(w=p6nzl|�vt6{guD�|x6nojMuJ�U�W{|nop9p6{gk=�|}o~ynzlgjPx/u(w=p�u>t6{gu>t/k=t�w�}C�|x/k �gt(�

Consumers
iBw=j/{TjMk=lgp6�|mvuPx�nzlIt/uPx�w=jPt/p � nzt6{ nzt/p;�cuPlg~|k=x�nzl t6{gu�p�w�mvu � w(r �vt6{gu�jMk=ls�

p6�|mvuPx;�|�|rsp>��x/k=m t6{gu��cuPlg~|k=x7n��Yw�}z}Bk���t6{gu�jMk=lg~snzt6nok=lgp�w�x/u�mvuPt)u(w=j�{�t6nzmvu
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S = smax[1 − (
1

et−[α(profit)+(price−γ(pricemem))]
)]

���J� �J� �
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k��<t6{gu7p6r\p/t/uPm t/kvp�w�t6nop2��r�t6{guDt6{guMk=x/uPt6noj(w�}<jMk=lg~snzt6nok=lgpYt6x�w�lgp6}Qw�t/uMpYt/k�w)��w�nz}z�|x/u
k���k(�cuPx�w�}z}Bp6r\p/t/uPm t/k��|x/k\~s�gjMu$t6{gu�~|uMp6nzx/uM~��|x/k=��uPx6t
rc������w�}z}Uk��Bt6{gu)�cuPlg~|k=x/p
t/uPlg~7t/k%nzlgjPx/u(w=p/u�t6{guPnzx��|x6nojMuMpUw�t<t6{gu�p�w�mvuBx�w�t/u ��jMk=}z}z�g~snzl|�Dk=x<lgk=t	�!�Jt6{guWu!��uMjPt
k=l�u � ��w�t6nok=l ���J� �J� ��nop�lguP�J}znz�Jnz�|}ouJ�`w�lg~yp�k�t6{guDjMk=lg~snzt6nok=l�nop9p/t6nz}z}.lgk=t9mvuPt(� �
l
t6{|nop�j(w=p/uJ� � u>j(w�ly{�wM�cuAx6�|l�w � w(r��|x6nojMuMp9w=p � uP}z}��U�W{|nop�p6nzt6��w�t6nok=lynop�~|uP�|nojPt/uM~
nzl �,nz�J�|x/u �s���s�
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Adding in α
�
t$nop�jP}ou(w�x�t6{�w�t�t6{gu�jMk=m$�EuPt6nzt6nok=l �EuPt � uMuPl �cuPlg~|k=x/p�nop�uPlgk=�|�J{ht/k_{gk=}o~

mvkJp6t��|x6nojMuMp�u � ��w�}����|�|t�lgk=t�p6t6x/k=l|�HuPlgk=�|�J{ t/k p6t�w��|nz}zn��(uqt6{guajMkJp6t�k��Dt6{gu
jMk=m$mvkR~snzt6nouMp)w�tD�|x6nojMuMp>t6{�w�tDx/u!£�uMjPtDt6{guPnzx)w=jPt6��w�}4jMkJp6t(�$�W{|nopDnopAnzlRt/uPx/uMp6t6nzl|�
��k=x$wq�Jx/u(w�t)m�w�lRr�x/u(w=p/k=lgpF�Llgk=t�t6{gu�}ou(w=p/t)k�� � {|noj�{Tnop)t6{�w�t)t6{|nop$p�uMuPmvp7t/k
jMk=lIt6x�w=~snojPtyt6{gu �!nzlI�\nop6nz�|}oua{�w�lg~ k��;t6{gu�m�w�x6�cuPt �at6{�w�t��|lg~|uPx6}znouMpym7�gj/{1k��
uMjMk=lgk=m$nojvt6{guMk=x6rc� � }ou(w�x6}zrc��mvk=x/u$t6{�w�l p6nzm$�|}ouvjMk=m$��uPt6nzt6nok=l�nop>x/u � �|nzx/uM~_t/k
x/uMp6t/k=x/u>t6{|nop��|x/k=��uPx6t
rc�
¢sw�t6nop2� r\nzl|�8u � ��w�t6nok=l ���J��� � �Cx/u � �|nzx/uMp,t6{�w�t�w�lgk=t6{guPx(�Jp6t6x/k=l|�cuPx�t/uPx6m �EuMjMk=mvu

w=jPt6nz�cuJ� �&lvu � ��w�t6nok=l ���J� �J� �!�Jt6{gu���w�x�w�mvuPt/uPx α
jMk=lIt6x/k=}op4t6{gu�p/uPlgp6nzt6nz�\nzt
r�k��Et6{gu

jMk=lgp6�|mvuPx;t/k�t6{guv�|x/k �gt;m�w�x6�Jnzl t6{�w�t;t6{gu��cuPlg~|k=x7nop;x/uMjMuPnz�Rnzl|�g� �UuPx6r�{|nz�J{
�=w�}z�guMp���k=x

α
m�w��cu�t6{gu�jMk=lgp6�|mvuPxynzlRt/k=}ouPx�w�lItqk���uP�cuPl p6m�w�}z};w�mvk=�|lIt/p�k��

�|x/k �gt(� �8l�t6{guvk=t6{guPxD{�w�lg~.�,p6m�w�}z}U�Jw�}z�guMpA��k=x
α
m�w��cu$t6{guvjMk=lgp6�|mvuPx;�cuPx6r

t/k=}ouPx�w�lIt8k����|x/k �gt/p(� �_u;u!�|w�m$nzlgu>t6{gu>u!�.uMjPtYk���t6{|nop(�
�W{guDnzm$mvuM~snQw�t/u)u!��uMjPt9nopYt6{�w�tYt6{gu7~|uMjPx/u(w=p/uDnzla~|uPm�w�lg~aw=p%w)� �|lgjPt6nok=lak��

t6nzmvu���uMjMk=mvuMp)nzlgu!�\t6x6noj(w��|}zr_t6nouM~ t/k�t6{gu�x�w�t/u�k��9nzlgjPx/u(w=p/u�k��9�|x/k �gt(� ���9t6{gu
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�|x/k �gt$nzlgjPx/u(w=p/uMp(�Bt6{guPlTt6{guy~|uPm�w�lg~f~|uMjPx/u(w=p/uMp(� �
�

α
nop�{|nz�J{fuPlgk=�|�J{C��t6{gu

~|uMjPx/u(w=p/u8u!�|jMuMuM~|p�w�lIrvnzlgjPx/u(w=p�uYnzl�k(�cuPx�w�}z}��|x/k �gt9w=p/p/k\jPnQw�t/uM~ � nzt6{�nzlgjPx/u(w=p6nzl|�
t6{gu7�|x6nojMuJ�>�%pAw�x/uMp/�|}zt(�`t6{gu�jMk=lg~snzt6nok=l�nzl�u � ��w�t6nok=l ���J��� � �YnopAp�w�t6nop ��uM~.�.w�lg~
t6{guA�|x6nojMu>nop9jMk=lIt6x/k=}z}ouM~.���W{guDp6nzt6��w�t6nok=l�nop9~|uP�|nojPt/uM~ynzl �<nz�J�|x/u �s� �s�
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α
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� � ����	 "������ � ���
	 � � % �$� � �	� � ��� ��% � �����

�%k=t/uvt6{�w�t)nzl p/�|�gp/uMjPt6nok=l �s���J� � u��cuP�|t α
}ok � �Uw�lg~�t6{gu�p6nzm;�|}Qw�t6nok=l {�w=~

wv�J}ok=��w�}��|x6nojMu7nzlgjPx/u(w=p/u�k(�cuPxAt6nzmvuJ� �8l|}zrqw=~|~snzl|��t6{|nop%�cuPx6r�p6t6x/k=l|�yw���uMjPt/k=x
p/uMuPmvp%t/k�{gk=}o~a�|x6nojMuMp%}ok � k(�cuPxAt6nzmvuJ�A�W{gu�u!��uMjPtAk��4t6{|nopA~|uMp6nz�Jl�uP}ouPmvuPlItAnop
p/k�p6t6x/k=l|��t6{�w�t>nztAj(w�l�t�w��cu){gk=}o~�}ok=l|��w���t/uPxAt6{gu��|x6nojMu�nzlgjPx/u(w=p/u){�w=pA�EuP�J�|lC�
w=p�nz}z}z�gp6t6x�w�t/uM~ynzl �<nz�J�|x/u �s� �g�
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Examining (1.29)
�8lgu>k��<t6{guAm�w�nzl��J�|no~snzl|�v�|x6nzlgjPnz�|}ouMp9k��,t6{|nop�p/t6�g~sr�{�w=pW��uMuPl�t6{guAlguMuM~�t/k

p�w�t6nop2��rvu � ��w�t6nok=l ���J��� � �4nzl��cuPlguPx�w�t6nzl|�$t6{gu%jMk=lgp6�|mvuPxW�EuP{�w(�Rnok=x(�L�W{gu%x/u(w=p/k=l
nop�t6{�w�t � u�p6{gk � uM~vnzl$p/uMjPt6nok=l��%t6{�w�tLn�� ���J��� � �<nopLp�w�t6nop ��uM~.�ct6{guPl$t6{guW�EuP{�w(�Rnok=x
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� nz}z}B}ou(w=~�t/k�t6{gu�~|uMp6nzx/uM~��J}ok=��w�}���uP{�wM�\nok=x(� �_uvlgk � u!�gw�m$nzlgu�{gk � jP}okJp/uP}zr
k=�|xWp/nzm;�|}Qw�t6nok=lgpYw=~s{guPx/u%t/k)t6{|nopWu � ��w�t6nok=lynzl��cuPlguPx�w�t6nzl|�vt6{gu%�EuP{�w(�Rnok=x/pWt6{�w�t
}znzm$nztYjMk=m$mvkR~snzt&r��|x6nojMuMp(�

�_u7j(w�la�Jx�w��|{��Ek=t6{�p6no~|uMp%k��Bu � ��w�t6nok=l ���J��� � �%w=p>w$���|lgjPt6nok=lak��Bt6{gu7p6nzm��
�|}Qw�t6nok=lanzt/uPx�w�t6nok=l�lR�|m;��uPx(� � {guPl � u)~|k�t6{|nop9��k=x8��k=t6{�j(w=p/uMp%nzl � {|noj�{at6{gu
�|x6nojMuAnop�jMk=lRt6x/k=}z}ouM~qw�lg~�j(w=p/uMpWnzl � {|noj/{�t6{gu8�|x6nojMuAnopWlgk=t�jMk=lRt6x/k=}z}ouM~.� � u �glg~
t6{�w�t � {guPl�w;�=w=p/tBm�w �6k=x6nzt
r�k��Ct6{gu%~gw�t�w;��k=}z}ok � p�u � ��w�t6nok=l ���J��� � �!�Rt6{gu%�|x6nojMuMp
w�x/uYjMk=lIt6x/k=}z}ouM~.� ���.t6{|nopBnopUlgk=tWk=�EuPrcuM~.�\uP�cuPl�wD�|nzt4mvk=x/u9t6{�w�l�nzlIt/uPx6m$nzt6t/uPlRt6}zrc�
t6{gu>�|x6nojMuMpYw�x/u>lgk=tYjMk=lRt6x/k=}z}ouM~.�
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� ������	 % �$��%�!������ % ������� �$��% � ��� � � � �������
	������&% �('�% �$� % � ��� � ���	�&% ����	 % �$� � 	 ��� % �$�����	� "����
���	� "���� % �	��� � �
	�� 
���!���� ������!��$��� % �$����� ���(% � ��� � � � ����� �
	 "����$�	� 	����	� ��� � � ���	� % �$��� ��� � % �$��% � ���
� �	��"�����	 ����	 ' �����&% � ����% �$� �$�	� "�������� ���$��%*"���� % � ��� � �
	�� ���$� �*�	����� ���&% �����$��% �$�����	� % � "���� 	$���	� �(��% � ���
��'*% �$� � "�����	$� % � �����

6. Perturbations of the economic swarm
�
l1t6{gu��|x/uP�\nok=�gp�p/uMjPt6nok=lgpF� � u_p�w � t6{�w�t � u w�x/u_w��|}ou�t/kfp6t�w��|nz}zn��(u�t6{gu

�|x6nojMuMp,�gp/nzl|�Y��uP{�wM�\nok=x/p,mvuM~snQw�t/uM~)�Rr>t � k%��uP{�wM�\nok=x�w�}R��w�x�w�mvuPt/uPx/pF�Iw�}z�|{�w8w�lg~
�Iw�m$m�ws�
�WuP{�w(�Rnok=x/p4�cuPlguPx�w�t/uM~ � {guPl�w�}z�|{�w>w�lg~��Iw�m$m�w>w�x/uWx/uP}Qw�t6nz�cuP}zr7}Qw�x6�cu
t/uPlg~yt/k$p�w�t6nop2��r�u � ��w�t6nok=l ���J��� � �!� �_u �glg~�t6{�w�t(��w=p9u!�s�EuMjPt/uM~.�|t6{guDx/uMp6�|}zt�w�lIt
�EuP{�w(�Rnok=x/p�j(w��gp�u�t6{gu_wM�cuPx�w��cu��|x6nojMuMpyt/kH��u�}znzm$nzt/uM~.� �8t6{guPx���w�x�w�mvuPt/uPx/p(�
{gk � uP�cuPx(�Y~|k_lgk=t�w��.uMjPt�t6{guaw��cuPlIt���uP{�wM�\nok=x�nzl w � w(rTt6{�w�t�u!�|uPx6t/pvm7�gj/{
nzls£g�guPlgjMu;k(�cuPx8t6{guDp � w�x6m ��p8w��|nz}znzt
ryt/k�w=j/{|nouP�cuDt6{gu;~|uMp6nzx/uM~y�J}ok=��w�}��ckcw�}��B�8p
wYx/uMp/�|}zt(�ct6{guMp/u�t � k>��w�x�w�mvuPt/uPx/p4p�uMuPm t/kA��uWjPx6nzt6noj(w�}gnzlv~|uPt/uPx6m$nzl|nzl|� � {guPt6{guPx
k=x�lgk=t9t6{guDp � w�x6m � nz}z}Cr\nouP}o~�t6{gu>�J}ok=��w�}C�ckcw�}��
�
l�t6{|nop9p/uMjPt6nok=lC� � u>u!�|w�m$nzlguDw7��uPx6t6�|x6��w�t6nok=l�t/k)t6{guAnzl|nzt6nQw�}Cp � w�x6m ~|uP�cuP}��

k=�EuM~�nzl�u(w�x6}znouPxYp�uMjPt6nok=lgp(� �_u>u!�gw�m$nzlgu>t6{gu>nzlgjMk=mvuDu!�.uMjPt�nzly{guPt/uPx/k=�cuPlguMk=�gp
p � w�x6mvp(�a�W{|nop7x/u!��uPx/p)t/k�t6{gu�u!�.uMjPt)k��YjMk=lgp6�|mvuPx/p�{�w(�Rnzl|��u!�st6x�w�mvk=lguPr_t/k
p6�EuPlg~.� � k=lgp/�|mvuPx/p;t/uPlg~ t/k�nzlgjPx/u(w=p/u�t6{guPnzx)jMk=lgp/�|m$�|t6nok=lHw=p7t6{guPnzx;nzlgjMk=mvu
nzlgjPx/u(w=p/uMp(�L�W{gu � �guMp6t6nok=lvnop � {guPt6{guPxBk=xBlgk=t4t6{|nop4{�w=p�w�l�u!��uMjPt�k=lvt6{gu9�J}ok=��w�}
�EuP{�w(�Rnok=x(� ���Wt6{guPx/u$nop)w�l�u!��uMjPt7k=l_t6{guv�J}ok=��w�}4k=�|t/jMk=mvuJ� � u�u!�gw�m$nzlgu${gk �
m;�gj/{ak��<t6{gu;p � w�x6m nop9x/u � �|nzx/uM~yt/k$p�uMu;w�j/{�w�l|�cu;nzlyt6{gu>�J}ok=��w�}�k=�|t/jMk=mvuJ�
�W{guDnzlgjMk=mvu)u!��uMjPt%nzm$�|}znouMpYt6{�w�t%��uMk=�|}ou � nzt6{at6{guDmvu(w�lgp � nz}z},k���t/uPlq�|�|x2�

j/{�w=p/u;mvk=x/u>nzt/uPmvp9t6{�w�lqt6{gkJp/u � nzt6{�}ouMp�p/uPx�mvu(w�lgp(� �
l��|x/uP�\nok=�gpYp/nzm;�|}Qw�t6nok=lgp
w�}z}gjMk=lgp6�|mvuPx/pUx/uMjMuPnz�cuM~$no~|uPlRt6noj(w�} � w��cuMpBw�lg~�t6{guPx/u!��k=x/u9u!�\{|nz�|nzt/uM~�u � ��w�}g�|�|x2�
j/{�w=p6nzl|�_��k � uPx(� �&lTx/u(w�}Yp6rsp6t/uPmvp(�4t6{|nop$nopvk=�R�Rnok=�gp6}zrHlgk=tv�ck=nzl|��t/k��Eu�t6{gu
j(w=p/u9��uMj(w��gp/u9nzlgjMk=mvu%~sn��.uPx/pB~|uP��uPlg~snzl|�)k=l�t6{guYjMk=lgp/�|mvuPx/p
�I�|x/k���uMp/p6nok=lgpF�L¢\k
� uDjPx/u(w�t/u)w){guPt/uPx/k=�cuPlguMk=�gp8p � w�x6m��Rr�w=p/p/nz�Jl|nzl|��~sn���uPx/uPlRtYnzlgjMk=mvuMpYt/kvu(w=j/{
w��cuPlIt/p(� 	qk=x/uMkF�cuPx(� � u�w�}op�k_u!�|w�m$nzlgu�t6{guynzls£g�guPlgjMu�k��>t6{guynzlgjMk=mvuqu!��uMjPt
w��|�|}znouM~yt/k$t6{guDp � w�x6m��
�W{gu>nzlgjMk=mvuDu!�.uMjPt8w�}z}ok � p%p/k=mvu>jMk=lgp6�|mvuPx/p8t/k��|�|x/j/{�w=p/u;�Jx/u(w�t/uPx � ��w�lIt6n��

t6nouMp;k��9jMk=m$mvkR~snzt6nouMp)t6{�w�l k=t6{guPx7jMk=lgp6�|mvuPx/p(���W{gu�nzlgjPx/u(w=p/uvnzl_�|�|x/j�{�w=p6nzl|�
�Ek � uPx%m�wMr�jPx/u(w�t/u�w$}ouMu � wMr���k=xY�cuPlg~|k=x/p%t/k�p6�|�|t6}zryx�w�nop/uD�|x6nojMuJ�A¢RnzlgjMu7jMk=ls�
p6�|mvuPx/p;w�x/u$lgk � j(w���w��|}ouvk��W�|�|x/j/{�w=p6nzl|�qm;�gj�{ }Qw�x6�cuPx � ��w�lIt6nzt6nouMpF��t6{gu$�cuPls�
~|k=x/pYm$nz�J{Rt �glg~�nzt8�EkJp�p6nz�|}ou>t/kvnzlgjPx/u(w=p�uDt6{guPnzx%�|x6nojMuMp � nzt6{gk=�|t8}okJp6nzl|���|x/k �gt(�
w�lg~Tt6{guPx/u!��k=x/u�j/{gk\kJp/u�t/k�}ou(wM�cu�t6{guy�|x6nojMuMp${|nz�J{guPx(� ¢R�gj�{ w�lfu!�.uMjPtvm$nz�J{It
~|uMp6t�w��|nz}zn��(uyt6{guyp � w�x6m��UnzlgjPx/u(w=p6nzl|�_�|x6nojMuMp�k(�cuPx$}ok=l|����uPx6nokR~Tk��%t6nzmvuJ� �_u
w�x/u�nzlRt/uPx/uMp6t/uM~TnzlT~|uPt/uPx6m$nzl|nzl|� � {guPt6{guPxvt6{gu�p � w�x6m ��pv~|uMp6nz�JlHx/u � �|nzx/uPmvuPlIt
� x/k=m u � ��w�t6nok=l ���J��� � �)nop$p6t6x/k=l|� uPlgk=�|�J{ft/k�k���p�uPt)t6{gu�nzlgjMk=mvu�u!��uMjPt$nzlhw
{guPt/uPx/k=�cuPlguMk=�gp8p � w�x6m��
�
l�k=x/~|uPxBt/k;u!�gw�m$nzlgu9t6{guYnzlgjMk=mvuYu!�.uMjPt4nzl�k=�|x�p � w�x6m�� � u8{�wM�cu8u!�\t/uPlg~|uM~

� �WiB¢vt/k;u!�|uMjP�|t/uYt6{gu8nzlgjMk=mvu%u!��uMjPt � nzt6{�p�w�mvuY��w�x�w�mvuPt/uPx/p�t6{�w�t��|x/kR~s�gjMuM~
t6{gu��|x6nok=xD�J}ok=��w�}L�ckcw�}�� �
l�t6{gu��|x/uP�\nok=�gp>�cuPx/p6nok=l�k��W� �WiB¢E�.u(w=j�{�jMk=lgp6�|mvuPx
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{�w=~�k=l|}zrvk=lguYk=�|��k=x6t6�|l|nzt
r�t/kD�|�|x/j/{�w=p�u%w>jMk=m$mvk\~snzt
r��EuPxBnzt/uPx�w�t6nok=l�x/uP�Iw�x/~\�
}ouMp/p9k��L{|nop�nzlgjMk=mvuJ���W{|nop9}znzm$nzt�w�t6nok=la{�w=p��EuMuPl�x/uP�|}Qw=jMuM~ � nzt6{�m7�|}zt6nz�|}ouD�|�|x2�
j/{�w=p/u7k=�|�Ek=x6t6�|l|nzt6nouMp8�EuPx8jMk=lgp6�|mvuPx/pY��uPx9nzt/uPx�w�t6nok=lC�W�W{gkJp/u7jMk=lgp6�|mvuPx/p � nzt6{
{|nz�J{guPx>nzlgjMk=mvuMp>m�wMra�|�|x/j/{�w=p/uvmvk=x/u��EuPxAnzt/uPx�w�t6nok=l_t6{�w�l�t6{gkJp/u � nzt6{�}ok � uPx
nzlgjMk=mvuMp(�W�W{gu7w�mvk=�|lIt%t6{�w�t%wvjMk=lgp6�|mvuPxYm�w(ry�|�|x/j/{�w=p/u7nop9�|x/k=��k=x6t6nok=l�w�},t/k
{|nop8nzlgjMk=mvuJ�)�W{|nopAp6nzm$�|}ou�mvk\~sn���j(w�t6nok=l_uPm;�|}Qw�t/uMp>t6{gu�nzlgjMk=mvu�u!�.uMjPt>nzlat6{gu
p6nzm;�|}Qw�t6nok=lq}ou(wM�\nzl|��w�}z}�k=t6{guPxY~|uPt�w�nz}opY�|lgj/{�w�l|�cuM~.�
�%p>nzlg~snoj(w�t/uM~�w���k(�cuJ�,t6{gu�nzlgjMk=mvuvu!�.uMjPtDm�wMra�|x/k(�\no~|uv�cuPlg~|k=x/p7w�}ouMu � wMr

t/kyp6�|�|t6}zrqnzls£`w�t/uv�|x6nojMuMp(�$�8pA��u!��k=x/uJ�,w�l�nzlgjPx/u(w=p/u$nzl��|x/k �gt/p;p6�|�|x/p>�cuPlg~|k=x/p
t/kvx�w�nop/u7�|x6nojMuMp(� �_u(w�}zt6{|nouPx%jMk=lgp6�|mvuPxAm�w(r�p6t6nz}z}<�|�|x/j/{�w=p/u�w�t8{|nz�J{guPx%�|x6nojMuMp �
t6{gu�p6rsp6t/uPm m$nz�J{It�t6{guPl �|x/k\~s�gjMu��=w�x6nok=�gp)k=�|t/jMk=mvuMp(� �Y�YnzlIt/uPx/uMp6t)t/kq�gp;nop
� {guPt6{guPx�k=xBlgk=t4t6{guYu!�.uMjPtBk��,wD�Jx/u(w�t/uPxBnzlgjMk=mvu8nop4kF�cuPx/jMk=mvu%�Ir$t6{guYp � w�x6m ��p
�EuP{�w(�Rnok=xAw=p9nzlg~snoj(w�t/uM~q�Ir�k=�|xY�|x6nok=xAw�l�w�}zr\p/nop(� �
lRt6�|nzt6nz�cuP}zrc�Ek=lgu7jMk=�|}o~�m�w��cu
t6{guDw�x6�J�|mvuPlIt9t6{�w�t � nzt6{ymvk=x/uAmvk=lguPrywM�Jw�nz}Qw��|}ouJ�|�|x6nojMuMp�m$nz�J{RtYp6t6nz}z}��Eu>w��|}ou
t/k p6t�w��|nz}zn��(uJ�8�|�|t � k=�|}o~ t/uPlg~ t/kHp6t�w��|nz}zn��(u�w��EkF�cuqt6{gua�|x6nok=x��|x6nojMuMp(� �8�|x
w�l�w�}zr\p6nopF�s{gk � uP�cuPx(�Enzlg~snoj(w�t/uMpYt6{�w�t8w=p9}ok=l|��w=p ���J��� � �Wnop9p�w�t6nop ��uM~.�gt6{gu>�|x6nojMuMp
� nz}z}Clgk=t9k=l|}zr�x/uPm�w�nzl�p6t�w��|}ouJ�|�|�|t�t6{guPr � nz}z}�p6t�w��|nz}zn��(u7w�t�t6{guDp�w�mvuA�|x6nojMuJ�
�&l k=�|x�p6nzm7�|}Qw�t6nok=lgp(� � uanzm$�|}ouPmvuPlIt�t6{guanzlgjMk=mvuqu!�.uMjPt��Rrf�Jnz�\nzl|� jMk=ls�

p6�|mvuPx/p�t6{guqk=�|��k=x6t6�|l|nzt
r t/k��|�|x/j�{�w=p/uam;�|}zt6nz�|}ou�jMk=m$mvk\~snzt6nouMp�nzl w�p6nzl|�J}ou
jPr\jP}ouJ�%�W{guPx/u$w�x/u;t � k�t
r\�EuMpAk��UnzlRt/uPx�w=jPt6nok=lgp>t6{�w�t%j(w��gp�u;t6{gu)nzlgjMk=mvu�u!��uMjPt(�
�
lyt6{gu �gx/p6tYnzlIt/uPx�w=jPt6nok=lC��jMk=lgp/�|mvuPx/p9�|�|r�p�w�mvuDjMk=m$mvk\~snzt6nouMp���x/k=m m;�|}zt6nz�|}ou
�cuPlg~|k=x/p �Enzl�t6{gu;p�uMjMk=lg~�nzlRt/uPx�w=jPt6nok=lC�.jMk=lgp6�|mvuPx/p%�|�|ry}Qw�x6�cuDlI�|m7�EuPx/p>k��Ut6{gu
p�w�mvu8jMk=m$mvk\~snzt
rv� x/k=m w;p/nzl|�J}ouY�cuPlg~|k=x(�U�W{gu �gx/p6tBt
r\�Eu%k���nzlIt/uPx�w=jPt6nok=l�m�w(r
kRjMjP�|x(�s��k=xYu!�gw�m$�|}ouJ� � {guPlajMk=lgp6�|mvuPx/p9�|�|x/j�{�w=p/u;jP}ok=t6{guMp(� 	�w�lIryjMk=lgp6�|mvuPx/p
�|�|x/j/{�w=p/u�jP}ok=t6{guMp���x/k=m w � no~|uWx�w�l|�cu�k��EjP}ok=t6{|nzl|�>�cuPlg~|k=x/p(�It6{gk=�|�J{$t6{guPr;m�w(r
�Eu�jP}Qw=p/p6n���uM~ w=p7nzlIt/uPx/j�{�w�l|�Iw��|}ou��|x/kR~s�gjPt/pF���W{gu�p�uMjMk=lg~�nzlRt/uPx�w=jPt6nok=lC�L{gk � �
uP�cuPx(�WnopvmvkJp6t6}zrH}znz�cuP}zrTt/k�k\jMjP�|x � {guPl jMk=lgp6�|mvuPx/p��|�|x/j/{�w=p/uajMk=lgp6�|m�w��|}ouMp
p6�gj/{yw=pU��k\kR~vk=x � w�t/uPx(� � k=lgp/�|mvuPx/pBm�w(rv�|�|x/j/{�w=p�u8}Qw�x6�cu � ��w�lIt6nzt6nouMp�w�tBk=lgjMu
� x/k=m w)p6nzl|�J}ou%�cuPlg~|k=xYw=pWt6{guPx/uAnop�lgk�x/u(w�}Ex/u(w=p�k=l�t/k��|�|x/j�{�w=p/uAnzt�� x/k=m m�w�lRr
�cuPlg~|k=x/p8w�t9k=lgjMuJ�

��� �
�
� #%�6	� 
� ���������  ��2�!��� ��� �2�
�

55, 629.53 ± 2, 664.39

+F�2�2�� ='��  ��
�!��� ��� �2�
�
82, 282.64 ± 15, 092.99

� �	�[ ��2����� ��� �2�
�
35, 649.37 ± 25, 956.33

� � ��� ��
 � ��� ) � � �	���	��� % ��' % �$� � �$"�� �����
� ��" % ���
"����$�	�������	� ���$�	"#�$���	� ����	�"������	�������	� ����� � "���� % � �
�����	� �('�% �$��"�� ������	�� % � % �$��� �	� � �$� ��% � ������! � % �$���
% % �$� � ��"�� ��� �
� ��" % � �

�%p�nzlg~snoj(w�t/uM~ nzl t6{gu_�<w��|}ou �s���J�8t6{gu�nzlgjMk=mvu�u!��uMjPt�~|k\uMpyx/uMp6�|}ztynzl w�l
nzlgjPx/u(w=p/u�k��9�|�|x/j�{�w=p6nzl|�q��k � uPx(���W{gu�lI�|m;��uPx$k����|x/kR~s�gjPt/p)�|�|x/j/{�w=p�uM~ w�}op/k
nzlgjPx/u(w=p/uMp(����jMjMk=x/~snzl|��t/k�t6x�w=~snzt6nok=l�w�}YuMjMk=lgk=m$noj�w�l�w�}zr\p/nop(�Ut6{|nop�nzlgjPx/u(w=p/u�nzl
~|uPm�w�lg~�p6{gk=�|}o~y}ou(w=~yt/kvw�l�nzlgjPx/u(w=p/u>nzlyt6{gu>�|x6nojMuDk���t6{guDjMk=m$mvk\~snzt
rc�
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α
�$� ������% �$�����	� "�� �&% � �$� � � ���(% � ��� % ������� �$� ��"���� � �

% �$���	�����	� �$�$��� % �$���$� � "�� ��'�������"�� ������	�� % � �	����� ��� ��	$�	� �$��! �$���
α
� ��� �$"�� �����	�
	 	���� �$� % � % ���

�	% �	���$� � �$"�� ��� �
� ��" % ��'�% �$� ������� % ��! � % � ���	����% ��� �	��� ���	� ���#�

¥8k � uP�cuPx(�`w=p � uDj(w�l�p�uMuAnzl � x�w��|{ �s���>t6{|nop�nop9lgk=t9t6{gu>j(w=p/uJ���AuMp6�|nzt/u>t6{gu
nzlgjPx/u(w=p/u%nzl�t6{gu � ��w�lIt6nzt6nouMp�k���jMk=m$mvkR~snzt6nouMpW�|�|x/j�{�w=p/uM~.�|{gk � uP�cuPx(�gt6{gu%�|x6nojMuMp
x/uPm�w�nzl�jMk=lIt6x/k=}z}ouM~.� �&l|nzt6nQw�}z}zrc�Ct6{gu�w��cuPlRt/p7w�x/u$lgk=t;jMk=�Jl|n��Fw�lRt)k��Wt6{gu$�|x/k �gt/p
�
α
nopB}ok � �!�L¥%k � uP�cuPx(� � {guPl�t6{guPr$��uP�Jnzl�t/k;t�w��cu9�|x/k �gt�nzlIt/k�w=jMjMk=�|lIt�nzl�t6{guPnzx

~|uMjPnop6nok=lgp(�.t6{gu)�|x6nojMuMpD~sx/k=�_~sx�w�m�w�t6noj(w�}z}zrc���&lq��w=jPt(��lgk=t>k=l|}zr�w�x/u)t6{gu��|x6nojMuMp
jMk=lIt6x/k=}z}ouM~.�|�|�|t�t6{guPrvx/uPt6�|x6l�t/k;t6{guAp�w�mvu8}ouP�cuP}op�k=�|t�w�nzlguM~ � {guPl�t6{guYnzlgjMk=mvu
u!��uMjPt � w=p�lgk=t9��w�x6tYk���t6{guDp6nzm7�|}Qw�t6nok=lC�
�W{guMp/u�~gw�t�w�m�wMr���uvnzlIt/uPx6�|x/uPt/uM~Tw=p;nzlg~snoj(w�t6nzl|�at6{�w�t7t6{guvnzlgjMk=mvu�u!��uMjPt(�

t6{gk=�|�J{�j/{�w�l|�Jnzl|��t6{gu�l�w�t6�|x/u�k��Bt6{guvw��cuPlIt/p7w�lg~�nzlgjPx/u(w=p6nzl|��t6{gu$jMk=lgp6�|m$�s�
t6nok=lC�c~|kRuMp�lgk=t4w��.uMjPtLt6{guW��w=p6noj�~|uMjPnop6nok=ls��m�w��\nzl|�D�|x/k\jMuMp/p�t6{�w�tL�|x/k(�\no~|uMpU�cuPls�
~|k=x/p � nzt6{��Jx/u(w�t/uPxB�|x/k �gt/p � {guPl��|x6nojMuMp�w�x/u8jMk=lIt6x/k=}z}ouM~.� �&lvt/uPx6mvpWk��.t6{gu8jMk=ls�
p6�|mvuPx>�EuP{�w(�Rnok=x�w�}4mvkR~|uP}���t6{gu���w�x�w�mvuPt/uPxDmvkJp6t>x/uMp6��k=lgp6nz�|}ou)��k=x>t6{|nopDu!��uMjPt
nop�w�}z�|{�ws�h�8}z�|{�w�mvuM~snQw�t/uMp�t6{gu�p/uPlgp6nzt6nz�\nzt
rHk��DjMk=lgp6�|mvuPx/pvt/k��|l|lguMjMuMp�p�w�x6r
nzlgjPx/u(w=p/uMp%nzlq�|x6nojMuJ� � {guPl�jMk=lgp6�|mvuPx/pDw�x/u7�cuPx6r�p/uPlgp6nzt6nz�cu7t/kv�|x/k �gtAm�w�x6�JnzlC�
�cuPlg~|k=x/p7j(w�l|lgk=t�k(�cuPx6�|x6nojMu�jMk=m$mvkR~snzt6nouMpF�y�W{|nopD}ok\j(w�}4��uP{�wM�\nok=x�w�}Ww�t6t6x6nz�|�|t/u
nop9p6t6x/k=l|��uPlgk=�|�J{�t/k$p/t�w��|nz}zn��(uD�|x6nojMuMp�nzlg~|uP��uPlg~|uPlIt%k��<t6{gu>�ck=}z�|mvu;k���p�w�}ouMpF�
�W{|nop%~gw�t�w�nopAp6nz�Jl|n���j(w�lRt>�EuMj(w��gp/u)nztAnzlg~snoj(w�t/uMpAt6{�w�t(�Cw�}zt6{gk=�|�J{_k=lgu�u!��uMjPt

m$nz�J{ItL��u�u!�s��uMjPt/uM~;��x/k=m w%j/{�w�l|�cuWnzl�t6{guWjMk=lg~snzt6nok=lgpUk���t6{gu�p � w�x6m ��pUw��cuPlIt/p(�
t6{guy~|uMp6nz�Jlfk��8t6{guyp � w�x6m j(w�lT�EuyjPx/u(w�t/uM~Tp�k�w=pvt/kq�|x/kF�Rno~|u�t6{guyk=�|�EkJp6nzt/u
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u!��uMjPt(���W{|nopBnzlg~snoj(w�t/uMp�w>j(w���w��|nz}znzt&r$��k=xUt6{guY~|uMp6nz�Jl�k��CuMjMk=lgk=m$noj8p � w�x6mvpBw�lg~
nzlIt/uPx�w=jPt6nok=lgp8t6{�w�t9{�w=p�{guPx/uPt/k���k=x/u>�EuMuPl�nzm$�EkJp/p/nz�|}ouJ�

7. Discussion and conclusion
�AuMp6nz�Jl|nzl|�Hp � w�x6mvp�k��;w��cuPlIt/p�nop�w_�cuPx6rHt6x6noj/�\rT�|�gp6nzlguMp/p(�Wk � nzl|� t/k_t6{gu

lgk=l|}znzlgu(w�x,nzlRt/uPx�w=jPt6nok=lgpLk��st6{gu4�=w�x6nok=�gp�w��cuPlIt/pF�<�%p � nzt6{�w�}z}RjMk=m$�|}ou!�7p/r\p6t/uPmvpF�
p � w�x6mvp7k��9wy��w�x6t6nojP�|}Qw�x)~|uMp6nz�Jl m$nz�J{It7{�wM�cu�wy��w�x6t6nojP�|}Qw�x7�J}ok=��w�}B�EuP{�w(�Rnok=x(�
�|�|t<p � w�x6mvp � nzt6{vw9�cuPx6r)p6}znz�J{ItL~sn��.uPx/uPlgjMuBnzl���uP{�wM�\nok=x�m�wMrD{�w(�cu�jMk=m$�|}ouPt/uP}zr
~sn���uPx/uPlRt4�J}ok=��w�}���uP{�wM�\nok=x/p(���%p4wAx/uMp6�|}zt(�I�|x/uM~snojPt6nz�cu8~|uMp6nz�Jl�{�w=pL}Qw�x6�cuP}zr$�EuMuPl
wM�ck=no~|uM~�nzlyt6{gu;p � w�x6m }znzt/uPx�w�t6�|x/uJ�
�&lHt6{|nop�j/{�w��|t/uPx(� � u � �cuyu!�\�|}ok=x/uM~TwqmvuPt6{gk\~ k��%p � w�x6m ~|uMp6nz�JlHnzl � {|noj/{

wvp6��uMjPn���j;�J}ok=��w�}Lp � w�x6m ��uP{�wM�\nok=x%nop%~|uP�cuP}ok=��uM~q�|x6nok=x%t/k�t6{gu7~|uMp/nz�Jlak��4t6{gu
w��cuPlIt/p(� �W{gu�~|uMp/nzx/uM~ ��uP{�wM�\nok=x(�Unzt�{�w=p���uMuPlTp6{gk � lC�Uj(w�lT��u�m�w=~|u�t/kak=x2�
~|uPx�k=lgjMu_wHp/uPt�k��7x/u � �|nzx/uPmvuPlIt/p���k=x�w��cuPlRt�~|uMp6nz�Jl1nop � k=x6�cuM~ k=�|t � {|noj/{
� nz}z}�m�w�t6{guPm�w�t6noj(w�}z}zr��J��w�x�w�lRt/uMu%t6{�w�tBt6{gu8p � w�x6m w=jMjMk=m$�|}znop6{guMp�t6{gu9t�w=p6� �����
�
	aw�t6{guPm�w�t6noj(w�}|�J��w�x�w�lRt/uMuJ� � {|noj/{${�w=p�uP}z�g~|uM~$p � w�x6m x/uMp/u(w�x/j/{guPx/pL�|x/uP�\nok=�gp6}zrc�
nopBw=j/{|nouP�cuM~��Ir$�|t6nz}zn��Mnzl|�7t6{gu9�J}ok=��w�}`�ckcw�} � x6nzt6t/uPl�nzlvt/uPx6mvpBk��.t6{gu8p/uPlgp/uMp4w�lg~
w=jPt6��w�t/k=x/p>t6{�w�t>t6{guvw��cuPlIt/pDj(w�l���u�u!�\��uMjPt/uM~�t/k�{�wM�cuvw=jMjMuMp�pAt/k|� �8lgjMu$t6{gu
p � w�x6m jMk=lg~snzt6nok=l {�w=p��EuMuPlTmvuPt(�Bt6{gu��J}ok=��w�}9�ckcw�}�m�wMr ��u�w=j/{|nouP�cuM~ � nzt6{
w��cuPlIt/p9mvuMuPt6nzl|��t6{|nopYjMk=lg~snzt6nok=lC�
�&tYnopYnzlIt/uPx/uMp6t6nzl|��t/kvlgk=t/u;t6{�w�t8t6{|nopYmvuPt6{gkR~qk��4~|uMp6nz�Jl|nzl|��p � w�x6mvp%nopYp6nzm��

nz}Qw�xYnzlq��k=x6m w�lg~y���|lgjPt6nok=lqt/k�t6{gu;~|uMp6nz�Jl�k��UmvuMj/{�w�l|noj(w�}Lp6rsp6t/uPmvpY�gp6nzl|��t6{gu
��w��Jx�w�l|�JnQw�lqmvuPt6{gk\~.���W{guD��k � uPx%k��Lt6{|nop8mvuPt6{gkR~�}znouMp9nzlqt6{gu7w��|nz}znzt
r�k��Ut6{gu
uPl|�JnzlguMuPx�t/k_jPx/u(w�t/uak=lgu�k=xvmvk=x/u��|x/k=�EuPx6t6nouMp � {gkJp/uylR�|mvuPx6noj(w�}%�Jw�}z�guMp�w�x/u
�|l|n � �guYt/k;t6{gu8p6t�w�t/u9t6{�w�t�t6{guYp6rsp6t/uPm nop4nzlC���W{gu%uPl|�JnzlguMuPx(�Rt6{guPlC�\lguMuM~|p�k=l|}zr
j/{�w�x6t%wv��w�t6{�t6{|x/k=�|�J{at6{gu;w�}z}ok � uM~q�|{�w=p�uDp6��w=jMu;k��Lt6{guDp/r\p6t/uPm�t/kvt6{gu �gl�w�}
~|uMp6nzx/uM~a�=w�}z�guJ�E{gk=��u!� �|}z}zrq�|t6nz}zn��Mnzl|����uP{�wM�\nok=x/p � {|noj/{�nzlg~snz�\no~s��w�}Uw��cuPlIt/pDj(w�l
w=jMjMk=m$�|}znop6{_k=l�t6{guPnzxAk � lC� � nzt6{�k=x � nzt6{gk=�|t>�J�|no~gw�lgjMu)� x/k=m�w�jMuPlIt6x�w�}UjMk=ls�
t6x/k=}z}ouPx(�Y�W{guDmvuPt6{gk\~aj(w�l���u7w��|�|}znouM~at/k�p6nzl|�J}ou;�|x/k=�EuPx6t6nouMpAk=x8t/k��cuMjPt/k=x/p%k��
�|x/k=�EuPx6t6nouMp(�C�|x/k(�\no~|uM~�t6{�w�tDt6{gu$~|uMp6nzx/uM~��cuMjPt/k=x>nop � uP}z}��
~|u �glguM~_nzl�t6{gu$p�w�mvu
� wMrvw>p/nzl|�J}ou��|x/k=�EuPx6t&r$m$nz�J{ItB�EuJ� �_u���uP}znouP�cu�t6{�w�t4t6{gu�mvuPt6{gk\~$nopUp�kA�Ek � uPx2�
� �|}��\nzl���w=jPt(�st6{�w�t � u%lgk � jMk=nzlyw7t/uPx6m¤��k=xBt6{|nopWmvuPt6{gk\~ � �W{gu%¥Aw�m$nz}zt/k=l|nQw�l
	quPt6{gk\~yk��U¢ � w�x6m �AuMp6nz�JlC�
�W{|nopLp/t6�g~src� � {|noj�{vu!�|w�m$nzlguMp<t6{guW~|uMp6nz�Jl�k��Ew�l$w��cuPlIt���w=p/uM~�uMjMk=lgk=m$nojWp6r\p6�

t/uPm��`{�w=p>~|uPmvk=lgp/t6x�w�t/uM~�t6{�w�t8nzl�p6�gj�{�p/r\p6t/uPmvpF��t6{gu$w=j/{|nouP�cuPmvuPlRt;k��4�J}ok=��w�}
�ckcw�}op�nop���kJp/p6nz�|}ou � {guPl�p6��uMjPn���j;w��cuPlRtYt6x�w�nzt/pYw�x/u>x/u � �|nzx/uM~�k���t6{gu;w��cuPlIt/pF� �
t
nopWnzlIt/uPx/uMp6t6nzl|�vt6{�w�t8p6�gj/{�p6rsp6t/uPmvp�j(w�l�u!�s{|nz�|nzt9jMk=lIt6x/k=}Ct6{�w�t�t&rR�|noj(w�}z}zryjMk=mvuMp
� x/k=m �!t6{gu�nzlI�\nop6nz�|}ouv{�w�lg~ k���t6{guvm�w�x6�cuPt ��k=x>� x/k=m wyjMk=m$m�w�lg~ uMjMk=lgk=m;rc�
�
l ��w=jPt(� � uy{�wM�cuy�|l|m�w=p/�cuM~Tt6{gu �!nzlI�\nop6nz�|}ouy{�w�lg~fk��%t6{guym�w�x6�cuPt ��nzlTt6{|nop
p6t6�g~src�cx/uP�cu(w�}znzl|�7lgk=t4k=l|}zr � {guPx/u�nzt4jMk=mvuMpL��x/k=m �|�|tU�|lg~|uPx � {�w�tBjMk=lg~snzt6nok=lgp
nztY���|lgjPt6nok=lgp(� �
t8nop8nzlRt/uPx/uMp6t6nzl|��t/k�w=p/�E�`nzlq}znz�J{Rt>k��Ut6{gu;lgu � mvuPt6{gk\~qk��4jMk=ls�
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t6x/k=}z}znzl|��t6{guMp�u7p � w�x6mvp(� � {�w�tAk=t6{guPxAuMjMk=lgk=m$noj�nzlg~snoj(w�t/k=x/pF��t6x/uPlg~|p(��uPt/jJ�%j(w�l
�Eu>jMk=m$m�w�lg~|uM~��Ir�t6{guDw��cuPlIt/p � nzt6{|nzl�t6{guDp6rsp6t/uPm��
�Ylgk=t6{guPx�nzlIt/uPx/uMp6t6nzl|��w=p/�EuMjPtWk���t6{|nopWp6t6�g~srvnop �2�gp6t4{gk � � x�w��Jnz}ou8t6{guAp6r\p/t/uPm

p/uMuPmvpvt/k��Euynzl t/uPx6mvp�k��D~|uMp6t�w��|nz}zn��Mnzl|� �|lg~|uPx�t6{gu�nzm$�|x/k=�EuPx��EuP{�w(�Rnok=x�k��
k=lgu)k=x>w���u � w��cuPlIt/pF�D�8p � u){�w(�cu$p/uMuPlqnzl�p/uMjPt6nok=l �g� � {guPl�t6{gu)nzlgu � ��w�}znzt&r
���J��� � ��nop8lgk=t8k=��uPrcuM~.�`uP�cuPl�w$}znzt6t6}ouJ�`t6{gu7�|x6nojMuMpY��uMjMk=mvu;�|lgjMk=lRt6x/k=}z}ouM~.� �&tYnop
nzlIt/uPx/uMp6t6nzl|�g�\t6{guPlC�\t/k7w=p6� � {guPt6{guPxWk=x4lgk=t�t6{|nop�p6r\p/t/uPm nopBp/t�w��|}ouYnzl�t6{guYp/uPlgp/u
t6{�w�t7w���u � w��cuPlIt/p;~|k�lgk=tD{�wM�cu�t6{guvw��|nz}znzt
r�t/k�~sx6nz�cu$t6{gu�p6r\p/t/uPm nzlIt/kyt6{|nop
�|lgjMk=lIt6x/k=}z}ouM~$x/uP�Jnok=lC���W{|nop�m�wMr7�Jnz�cu��gp�nzlgp6nz�J{ItLnzlRt/k%p�k=mvu�k��`t6{guBnzlRt/uPx/uMp6t6nzl|�
t6x/uPlg~|p�p/uMuPl�nzl�x/uMjMuPlRt9rcu(w�x/pWnzlyuMjMk=lgk=m$noj>p6rsp6t/uPmvp�nzlgjP}z�g~snzl|��k(�cuPx6�Jw�}z�|nzl|�vk��
�=w�x6nok=�gp�jMk=m$mvk\~snzt6nouMp�nzlgjP}z�g~snzl|� ��jMk=m p6t/k\j/�sp�w�lg~ {gk=�gp6nzl|�H�|x6nojMuMp(� 	qk=x/u
x/uMp/u(w�x/j/{ak=lyt6{|nop�nop9jP}ou(w�x6}zr�nzlg~snoj(w�t/uM~.�
�8lguY�|lgu!�s�EuMjPt/uM~�x/uMp6�|}ztWk��Ct6{gu8jP�|x6x/uPlRt�x/uMp/u(w�x/j/{�nopBt6{�w�t � u8p�uMuPm t/k7{�wM�cu

~snop/jMk(�cuPx/uM~yt6{�w�t�t6{guAnzlgjMk=mvu>u!�.uMjPtYw�}ok=lguAnopWlgk=t9p6�s��jPnouPlRt9t/k)x�w�nop/uA�|x6nojMuMp�k��
jMk=m$mvkR~snzt6nouMp(���W{|nop;�|l|nzlRt6�|t6nz�cu�x/uMp6�|}zt7m�wMr_��uvp/uMuPl�� x/k=m t6{gu�p6t�w��|nz}znzt&r_k��
�|x6nojMuMp�nzl)t6{guWp6nzm7�|}Qw�t6nok=lgpLt6{�w�t��|t6nz}zn��(uM~�t6{gu�nzlgjMk=mvu�u!��uMjPt(�<�W{|nop � k=�|}o~$p/uMuPm
t/kD��u9nzl�jMk=lRt6x�w=~snojPt6nok=lyt/kDt6x�w=~snzt6nok=l�w�}.uMjMk=lgk=m$noj%t6{guMk=x6rc� � {|noj�{�nzm$�|}znouMpBt6{�w�t
�|x6nojMuMp � k=�|}o~�t/uPlg~�t/k;x6nop/uJ�L�W{guAp6t�w��|nz}znzt&r�m�w(rv�Eu%p/uMuPl�t/k)�Eu%j(w��gp/uM~��Ir�t6{gu
uPl|�JnzlguMuPx/uM~���uP{�wM�\nok=x/pYk���t6{guDw��cuPlIt/p(��x�w�t6{guPx9t6{�w�l�k=t6{guPx9m�w�x6�cuPt���k=x/jMuMp(�
�W{gu>jP�|x6x/uPlIt � k=x6��w�}op/k��|lg~|uPx/p�jMk=x/uMp�t6{guA�=w=p/t��Ek � uPx�t6{�w�t9nop�uPl �6k(rcuM~y�|�|t

lgk=t;lgk=x6m�w�}z}zr�x/u(w=~snz}zr��|lg~|uPx/p6t/k\kR~��Ir_jMk=lgp6�|mvuPx/pF� �&tDnop7jP}ou(w�x;t6{�w�t)n���jMk=ls�
p6�|mvuPx/pUw=jPt6��w�}z}zr��EuP{�w(�cuM~�nzl$t6{gu � wMr)t6{�w�tUk=�|x4w��cuPlIt/p4�EuP{�w(�cuJ�Jt6{guWx/uMp6�|}zt6nzl|�
uMjMk=lgk=m$noj�p6rsp6t/uPm � k=�|}o~f��u�m;�gj/{ mvk=x/u�p6t�w��|}ouJ��nzlft/uPx6mvp�k��DjMk=m$mvkR~snzt&r
�|x6nojMuMp(�L�W{gu%��w=jPt�t6{�w�t�t6{|nopWnopWlgk � �\lgk � lym$nz�J{ItY�Eu%�gp/uM~��Rr���k=}znojPr�m�w��cuPx/p
nzl p/u(w�x/j�{ k���mvuPt6{gk\~|p7k��Yp6t�w��|nz}zn��Mnzl|�auMjMk=lgk=m$nouMp(� � nzt6{ w��|x/k=�EuPx6}zr�nzm$�|}ou!�
mvuPlIt/uM~�uM~s�gj(w�t6nok=l�w�}Ep6rsp6t/uPm��Jt6{gu��|�|�|}znoj9jMk=�|}o~v�|x6nzl|�;nzt/pL�Jw=p6tL��k � uPx4t/k>�Eu(w�x
k=l�uMjMk=lgk=m$nouMp � nzt6{gk=�|t8t6{gu>lguMuM~���k=x9�ck(�cuPx6l|mvuPlRt�w�}�nzlIt/uPx6�cuPlIt6nok=l�k=x9x/uP�J�|}Qw��
t6nok=lC��� {guPt6{guPx<k=x,lgk=t,��uMk=�|}ou � nz}z}|w=jPt6��w�}z}zr7w=~|k=�|t<t6{guMp/uU��uP{�wM�\nok=x�w�}\lgk=x6mvp,nop
w�l�uPlRt6nzx/uP}zr�~sn��.uPx/uPlIt � �guMp6t6nok=lC�\t6{gk=�|�J{ynztWnop � k=x6t6{ylgk=t6nzl|�$t6{�w�tWt6{gu>jP�|x6x/uPlIt
mvuPt6{gkR~�k��Lp � w�x6m�~|uMp6nz�Jl��|x6nzl|�cpYt6{|nop��EkJp�p6nz�|nz}znzt
r�t/k$}znz�J{It(�
�
l t6{guv���|t6�|x/uJ� � u�nzlIt/uPlg~ t/k�w��|�|}zr_t6{|nop)mvuPt6{gkR~ t/kap � w�x6mvp$k��9�Jx/u(w�t/uPx

jMk=m$�|}ou!�\nzt&r)t6{�w�l�t6{|nopUk=lguJ� �_uWu!�s�EuMjPtLt6{�w�tLt6{|nop�mvuPt6{gk\~$k��`lgk=tUk=l|}zr)p � w�x6m
~|uMp6nz�JlC�\�|�|t�jMk=m$�|}ou!��p6r\p/t/uPm ~|uMp6nz�JlC�\m�wMr��Eu%w��|�|}znouM~�t/k)w;}Qw�x6�cu%lI�|m;��uPx�k��
~sn���uPx/uPlRt;p6rsp6t/uPmvp>nzlgjP}z�g~snzl|�g�,�|�|t>lgk=tD}znzm$nzt/uM~�t/k|��p/r\p6t/uPmvp>k��9w��|t/k=lgk=mvk=�gp
mvuMj/{�w�l|noj(w�})w��cuPlRt/p(�>jMk=m$�|�|t6nzl|� p/r\p6t/uPmvpF�%uMjMk=lgk=m$noj�p6r\p/t/uPmvp(�>w�lg~1p/kRjPnQw�}
p6r\p/t/uPmvp(� � {|nz}ou)p/k=mvu7k��Ut6{|nop8x/uMp�u(w�x/j/{anop8jP�|x6x/uPlRt6}zr��|lg~|uPx � wMrc� � u7u!�s�EuMjPt
t6{�w�t�t6{gu�u!�s�|}ok=x�w�t6nok=l k��Dw�}z} ��uP}o~|p�t/k � {|noj/{ t6{|nopvmvuPt6{gk\~|k=}ok=�JrTm$nz�J{It��Eu
w��|�|}znouM~ � nz}z}4x/uP�cu(w�}�w�l�u!�st6x�w=k=x/~snzl�w�x6nz}zr_�Jw=p6t;p/jMk=��uJ� 	qk=x/uMkF�cuPx(� � u�u!�s�EuMjPt
t6{�w�tLw�lvu!�st/uPlgp6nok=l�t/k%t6{|nop � k=x6� � nz}z}s�Eu�w��|}ou�t/kAp/k=}z�cuWt6{gu��|x/k=�|}ouPm k=x6nz�Jnzl�w�}z}zr
�EkJp/uM~�t/uPl�rcu(w�x/pWw��ck � {|noj�{�}ouM~��gpUt/kDt6{guMp�u9x/uMp6�|}zt/p�� � �
pUnztB�EkJp/p/nz�|}ou�t6{�w�tBt6{gu
�J}ok=��w�}\p6��uMjPn���j(w�t6nok=l�k��gw9�|x/k=�|}ouPm nop,uPlgk=�|�J{7t/kYrRnouP}o~;t6{gu4��w=p/nojUx/u � �|nzx/uPmvuPlIt/p
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k��Dt6{guap�k=}z�|t6nok=l nzlgjP}z�g~snzl|�fw�}z}>w=jPt6��w�t/k=x/p(�Yp�uPlgp/k=x/p(���|x/k\jMuMp/p6nzl|�g�%w�lg~ k=t6{guPx
j(w���w��|nz}znzt6nouMpYk��Uw��cuPlIt/p8nzlyt6{guDp/k=}z�|t6nok=l � � �_uA�EuP}znouP�cuDt6{gu;w�lgp � uPxYnop�rcuMp(�
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� �W{guqx�w=~snQw�t6nz�cu�uPm$m$nop/p6nok=lgp�k��Dt6{guqmvu(w=p6�|x6nzl|� ~|uP�\nojMu�w�x/u�}znz�cuP}zrft/k��Eu

m7�gj/{ }ouMp/pvnzm$��k=x6t�w�lIt�nzl ~|uPt/uPx6m$nzl|nzl|� t6{gu�t/uPm$��uPx�w�t6�|x/uak��At6{guq~|uP�RnojMu
t6{�w�l nzlIt/uPx6l�w�}W�|x/k\jMuMp/p/uMp(���W{I�gp(��t6{gu�u!��uMjPt)k��9t6{guMp/u�uPm$m$nop/p6nok=lgp7nop)w=p2�
p/�|mvuM~yt/k$��uAlguP�J}znz�Jnz�|}ouJ�

� �W{|nop8j(w�ly�EuAx6nz�ck=x/k=�gp/}zr�~|u �glguM~aw=pW��k=}z}ok � p��
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∂Sj |(t=t0)
= lim
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